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Abstract—=Grasp stability is an important factor for grasping and
manipulation. In this paper, we discuss error analysis of grasp
parameters for static grasp stability in two dimensions. Each finger is
modeled by translational linear springs, and the potential energy stored
in the grasp is formulated. The force and moment vector and the
stiffness matrix of the grasp are derived by using the first- and
second-order partial derivatives of the energy. The vector and the
matrix are represented by a function of grasp parameters such as
contact condition (rolling contact and sliding contact), contact point,
local curvature, finger spring stiffness, and so on. The partial
derivatives of the vector and the matrix with respect to the grasp
parameters are derived. The characteristics of the parameters’ effects
are investigated by using positive definiteness of the derivatives. It is
analytically shown that the stability is enhanced when the rolling
contact appears, the local curvature decreases, the finger stiffness
increases, and so on. The directions affecting the stability by the
parameters’ deviation are also derived. The effects of the other
parameters are also shown.

Keywords—Grasp stability,
parameters, error analysis.
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I. INTRODUCTION

HUMAN hands grasp and manipulate various shape of
objects dexterously. Multi-fingered robot hands have
similar potential. When grasped objects are displaced by an
external disturbance, the hands have to keep the grasp stable.
Grasp stability is an important factor for grasping and
manipulation.

Hanafusa and Asada [1] formulated an object grasped by
elastic mechanical fingers. Each finger was replaced by linear
spring model, and potential energy stored in the grasp is
provided. They pointed out that the grasp is stable if the
potential energy is local minimum. From this viewpoint, the
first- and second-order partial derivatives of the energy are
derived. The first-order partial derivative provides force and
moment vectors, the second-order partial derivative provide a
stiffness matrix of the grasp. Nguyen [2] pointed out that the
spring model can be generated using computer control of the
finger position. Not only two dimensional but also three
dimensional grasps are formulated. Montana [3] pointed out
that local curvature affects grasp stability. Howard and Kumar
[4] formulated three dimensional grasp including local
curvature in the potential energy method. Rimon and Burdick
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[5] also consider the local curvature in the analysis of
immobility of the bodies. In their works, each rolling contact
finger is modeled by multiple springs and each sliding contact
finger is modeled by a single spring along the contact normal
direction.

Yamada et al. [6] pointed out that the difference between
rolling and sliding contacts is not given by spring model but
given by contact point motion. From this viewpoint, the
multiple springs' model was applied not only to the rolling
contact but also to the sliding contact. Yamada et al. [7]
included contact surface geometry (metric tensor, curvature,
torsion) in three dimensional grasps. Moreover, they extended
to grasping of multiple objects [8], [9] and consideration of
finger links [10]. In their works, the grasp stiffness matrix was
analytically derived. The matrix is represented by a function of
grasp parameters such as contact condition (rolling contact and
sliding contact), contact point, contact force, local curvature,
finger spring stiffness, and so on.

In this paper, we analyze the effects of the grasp parameters
on the grasp stability. For the first time, this analysis was
presented in Reference [11]. In the analysis, the orientation of
the finger stiffness is adjusted to the contact normal and
tangential directions. This paper treats more general case that
the orientation is tilted from the directions. And further
analyses are provided. In Section I1, we explain the coordinated
frames used in this paper. The relation of the object poses
displacement and the finger position displacement. The
potential energy stored in the grasp is formulated. The force and
moment vector and the stiffness matrix of the grasp are
provided by using the first- and second-order partial derivatives
of the energy. In Section I11, the effects of the grasp parameters
are analyzed. The partial derivatives of the vector and the
matrix are derived. Positive definiteness of the derivatives is
investigated. In Section IV, we conclude this paper.

Il. FUNDAMENTAL FORMULATION

We consider the grasp shown in Figure 1. In this section,
we briefly explain the derivation of the stiffness matrix of the
grasp.

A. Assumptions

Based on the following assumptions, we formulate the grasp
system.
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(Al) The object and the fingers are rigid bodies.

(A2) A single point contact exists on each finger.

(A3) The contact location, orientation, and local curvature are
given.

(A4) An infinitesimal pose displacement of the object occurs
due to an external disturbance.

(A5) Each finger is modeled as a translational linear spring
model.

B. Nomenclature

The symbol X, represents a coordinate frame. X, is a base
frame fixed in the space. X, is an object frame fixed in the
object. X ¢ is a finger frame fixed in the k-th finger. X isa
current contact frame moving on the finger surface. o isa
current contact frame moving on the object surface. Frames
Zho Zbfks ZLfk and X o are given at the initial poses of

20, 2k, Zcik and Zok , respectively.
Homogeneous transformation matrices used in this paper

are described in Appendix A. Other vectors and matrices are
also described in the appendix.

Figure 1 An object grasped by multi-fingers with translational
linear spring model

C. Pose displacement of frames

The pose displacement relation between the fingers and the
object is formulated with the matrices.

C.1.Local contact frame
The local contact frame on the object surface, | o , is
represented by

® Aok (0)="n0 "°Ag (£0) Ay o )

where so=[ch,,§o]T is the object’s pose displacement.

Hence, we have P°A;(&5) = Arans(Xo)Arot (Co) - The local
contact frame on the finger is calculated by

b by bfk fk
ALt (Es)="Por A (&) ALk )

where bkafk(sfk) is defined in a similar manner of boﬁb(go)

C.2.Current contact frame

From (A3), the current contact frame on the object surface
with respect to the local frame is defined by

Lok Lok Lok -1
Acok (@ok)=""Asok Arot (Kok@ok) — Arok @
where LOkAKok = Atrans(—zca(lul). The symbol x represents

the local curvature, and ¢ is the contact location displacement
on the body (Figure 2). The convex, flat, and concave surfaces
are represented by x>0, k=0, and k<0, respectively. The

current contact frame on the finger surface, Lkaka (@), is
defined in a similar manner of (3).

2|tk

Displaced position

2|k y ,,,,, ! Initial position

Figure 2 The local and current contact frames on the object and
the finger

C.3.Contact constraint

By using these homogeneous matrices, the contact
constraint between the finger and the object is given by

° A (& 1) Acrc (@ 1) ™ Acok ="ALok (80) " Acak (@) @

where k¢ +xox >0 and kaAC0k = Aot (7) from (A2). From
(4), the finger pose displacement is obtained by

bfk bfky b Lok
Atk (€ 1)=""Ppo Ao (€0) °ALok > Acok (@ok)

Cokp  Lfk -1 Ltk
<% Ao T Acti () T A (5)

In (5), e is given by a function of ¢,, ag and oy .

Because the finger pose displacement is modeled as the spring,
the parameters aq and oy depend on g, and then are

redundant.

From Assumption (A5), the finger orientation is constrained
by

bfk bfk T
Rix =1l Anlen)ln =17 (6)



Because (6) provides one valid constraint, « is selected as a

redundant parameter and eliminated. After that, the translation
displacement of the finger is given by

X (80, ok ) =" Pric = 123 A (€ )V @

D. Grasp stiffness matrix
D.1.Potential energy of the finger

The potential energy of the finger with translational linear
spring model is calculated by

1 T
Uy (&0, 20k) = 5[X ko + X 1 (€0, 2ok)]

xS [X ko + Xk (€0, 2ok )] (8)

where the vector Xy iS a spring compression. The matrix
Sk =diag[ syk,Syk] is the spring model described in (A5). The
finger force vector is given by

fi =[x fy]" = Sk X0 ©)

This force implies a reaction force from the object. These
vectors and matrix are defined in the frame Zyy, .

The rolling and sliding contacts between the finger and
object are included, then we have

UJC(30)1=Uk(€o'aJ|f(€o)) (10)

The total potential energy of the grasp with n fingers is given by

U (o) =Ue(£0) + DU (25) (11)
k=1

where U, (&,) is the potential energy affected by an external
force. The gradient and the hessian of the energy are given by

n n
G=Ge+ .G H=Hg+>H/S (12)
k=1 k=1
where
oU (¢ o%U (¢
G a( 0) CH= ( (%) 13
€0 | 06008, |y

The superscript “fc” represents “fr” or “fs” described in
Sections D.2 and D.3.

The gradient means the force and moment vector, and the
hessian is called the stiffness matrix of the grasp. The grasp is
stable if G = 0 and H is positive definite. The grasp stability is
evaluated by the eigenvalues of the matrix H, and the grasp
displacement direction is given by the corresponding
eigenvectors.
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D.2.Rolling contact case

In the case of rolling contact, the finger rolls on the object's
surface, then we have

Ok +ag =0 (14
The first-order partial derivative of (10) is given by
f
Gy =Wy Ty (15)

where M fi :="fkafk f, . Because the finger can not pull the
object, we have

Lk Tk ::"fkfkT u <0 (16)

Inequality (16) is given by the reason why the x axis of the
frame X, g directs along the outward normal direction of the

finger surface but the reaction force directs opposite to the
direction. The normal component magnitude of the contact

force is obtained by —Lfkka .

The second-order partial derivative of (10) is given by

fr_o Lfk T
H " ="Wp g Sy Wi

u a7)
+Lfkfl;l'{Lfk Dy — 1

where Lkak :ZLfkakak bkaLfk .

D.3.Sliding contact case

In the sliding contact case, the finger slides on the object
surface to locally minimize the potential energy. Then we have
6Uk(80,a0k): 62Uk(30,a0k)>0

0,
aaokﬁaok

(18)

8a0k

From the initial condition of the first equation of (18), the
tangential component of the contact force is zero.

UKty = up =0 (19)

From the initial condition of the inequality of (18), the
following condition has to be satisfied to stabilize the finger
with sliding contact.

Lfker  ._Lfk KokKfk Ltk
Skpz = Skzzt————— x>0 (20)
Kok T Ktk
where Lfkskzz = ug Lkak Us.
The first-order partial derivative of (10) is given by
fs_o Lfk o} Lfk
G =Wy Fi="Wpgu " fye (21)
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The second-order partial derivative is given by

fs o Ltk T
H =W g Sk W gy

Lfk Lfk T
+ ka{ Po Uy

g Lfk ¢ )
Lfk X
T OWLfk SkU2 -V
Kok + Ktk
LTS T
Lfk X
X O\NLfk SkU2 _—Vé’ (22)
Kok t Ktk

I1l. EFFECTS OF PARAMETER DEVIATION

A. Effect of contact condition

To compare the rolling contact case and the sliding one, we
consider the same condition between the rolling and the sliding.

Hence, we let Lk fyk =

The effect of contact condition is given by

fd._ ~f f
G =G, -G,° =034 (23)
and
Hfd._Hfr_Hfs_; [X ]
k =Mk k=T XXk (24)
Sk22

Because the matrix kad is positive semi-definite, the

stability is enhanced by the rolling contact. The effect appears
in the following displacement direction:
Lfk
Kk Tk
X Efdk ::oWLfk Lfksk Us L V{ (25)
Kok T Ktk

This direction depends on the finger stiffness, the normal
direction force, the curvatures, and so on. We define the
following vectors:

fd . fd T Lfk
Yo = Ve ® X g = 123Q°R g S U, o6
26
fd ._ fd
Z [ =X G ®Y

These vectors are base vectors of object's displacement in the
null space of (24) because the following conditions are
satisfied:

fdy, fd fd-, fd
VI ROy =0, 12517 HZ [ =0 (27)

This means that the stability in the object's displacement of (26)
does not depend on the deviation of friction condition. In this
grasp, the total differences are given by

n
fd < fd
=2 Gy
=]

= 03><lv

- (28)
fd fd fd Lf o/—1 fdqT
:ZHk = X5 S5y [XLf]
k=1
where
fd
= [XLfl' "1X|_fn]’ (29)
Lfar o qianpLfles Lfngs
S5y =diag[ = 'S, "Shoo ]

Example: Two fingered simple grasp

In order to clarify the effects, we consider the simple grasp
shown in Figure 3. The stiffness orientation is set to

Lfkafk =—l, . All fingers are set to the same values as

Sk =diag[sy,sy] , kK=Kt and xg =x, . The contact

locations are given by

— |2 | Uq |2 —1 Uq
OALfL = {0 Xl } °Ata ={ . (30)
1x2

From (29), we have

—SyU2 SyU2
fd
X = k¢ fx s k¢ fy s (31)
_— Syx _— st
Ko + K¢ Ko + K¢

The base vector of the object displacement in the null space of
H s given by v, . This displacement direction exists in the

normal direction at the contact points (Figure 4(a)). In the
other directions shown in Figure 4(b) and Figure 4(c), the
grasp is affected by the deviation of contact friction condition.

Figure 3 An example of a two-fingered grasp



(c) Displacement of v
Figure 4 The object's displacements
B. Local curvature effect

We investigate effects of the object's local curvature x gy
and the finger's local curvature ¢ .

B.1 Rolling contact

In the rolling contact case, the first-order partial derivatives
of (15) with respect to the local curvatures are given by

oG, . oG, . @
a’(ok — Y3x1» ﬁka — V3x1

The force and moment vector does not depend on the deviation
of the local curvature. The first-order partial derivatives of (17)
are given by

fr Lfk
oH ' fyk vl
oK 2 ¢t
ok (KoK T K tKk) .
akar Lfkka T )
= VeVe

0Ktk (ko + K1)’

Because these derivatives are negative semi-definite, the
grasp stability decreases when the local curvatures increase.
This means that the stability of concave shape (Figure 5(a) and
Figure 5(b)) is more stable than that of convex shape (Figure
5(c)). The effect appears in the displacement direction of v, .

This direction means the rotation at the origin of the object
frame X, (Figure 4(c)). In this displacement, the contact

location moves on the object and finger surfaces. The base
vectors of the object displacement in the null space of (33) are
given by v, and v . In these displacements (Figure 4(a) and

Figure 4(b)), the contact locations do not move on the object
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and the finger surfaces, the stability is not affected by the
curvature deviations.

(a) Concave object — convex finger contact

(b) Convex object — concave finger contact

(c) Convex object — convex finger contact

Figure 5 Difference in the local curvature of the object and finger
surfaces

B.2 Sliding contact

In the sliding contact case, the first-order partial derivatives
of (21) are given by

G,
6K0k

fs
oG,
6ka

The force and moment vectors do not depend on the local
curvature deviation. The first-order partial derivative of (22) is
given by

fs
Kok
where
aafs(g )| K X
Qfs _ 9% \&)| fk N afk 36)
k o ‘ Ltk
0 (Kok +KK) ™ Sk22

0

Because (35) is negative semi-definite, the grasp stability
decreases when the local curvature of the object increases. The

effect appears in the displacement direction of Qkfs . We define

the following vector:

Xtk =" Wi Sy Uz—kakavg 37

where
Mk . xfk btk Lfk
Sk =""RpfkSkSxgk= Sk,

(38)
K [0t g T T =Ry £ =LK
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Note that "fkRLfk =1, because the frame Z . is fixed at
the curvature center parallel to X, . The base vectors of

object displacement in the null space of (35) are given by

: T Kk
Visk =V ® Xogie = 123Q° Ry Sy Uz,
Z ik = Xk ® Yt
(39)
[ 0P S, Up 1R i S U

2
[ seve]

The derivations of (39) are shown in Appendix B. In these
directions of the object displacement, the stability are not
affected by the object's curvature deviation.

The partial derivative of the stiffness matrix with respect to
the finger's local curvature is given by

oH kfs ~ Lfkf

2 T

_— TxKok X xoks2 X xoks2 (40)
Lk 2

oKtk {(xok + &) Skao}

Because (40) is negative semi-definite, the stability decreases
when the local curvature of the finger increases. The effect
appears in the following direction:

X roks2 =" Wiok Sy U (41)
The base vectors of object displacement in the null space of
(40) are given by
. T k
Yioks2 = Ve ® X oks2 = 1232 R0k “ Sk Uz,
Z0ks2 = X xoks2 @ Yxoks2
°Ryok S up 11 pg 2*°Sy ]

2
[*seee]

(42)

These directions are not affected by the deviation of finger's
local curvature. In the case of Lfkafk =—1,, these directions
are illustrated in Figure 6.

Z 0ks Zf
KOKS2 «—

K&/\:‘{///
T, ¢

xok T
PoWg

|

Figure 6 Finger's curvature deviation
and object's displacement of (42)

The first-partial derivative of Lfks[(ZZ w.r.t. the local
curvatures are given by

2 Lfk Lfk 2 Lfk
Ktk Txk 0 "Ska2 Kok Tk

0Ktk (kok +K1)°

Lfk..,
0" Sk

OKok (Kok + K1)

(43)

Because these derivatives are not positive, the condition
(20) is enhanced when the local curvatures decreases. This

means that the value of "fksf(zz of the grasps shown in Figure
5(a) and Figure 5(b) are larger than that of Figure 5(c).

If the local curvatures are positively infinite, we have

lim Lfkslr( (44)
Kok —>+®©
K f —>+0

2 =~

In this case, the condition (20) is not satisfied. This means
that the grasp shown in Figure 7(a) is infeasible. Robots have
to avoid grasping the convex vertices if the convex fingers are
used. When the local curvatures are given by both positive and
negative infinites, we have

Lfk o Lfk o

lim Skoo =+®, lim Skop =+X©
Kok —>+0 Kok —>—% (45)
K —>—®0 K —>+0

This means that the grasps shown in Figure 7(b) are
feasible. After the condition (20) is checked, the grasp stability

is evaluated by using (22).

(a) Infeasible grasp (convex - convex point contact)

el

(b) Feasible grasp (convex — concave point contact)
Figure 7 Evaluation of the grasps by (20)

C. Stiffness effect of the finger
The stiffness matrix is represented by

T T
Sk =Sy WUy + SykUpUp (46)

We investigate effects of sy, and sy, . In this analysis, we

consider that the force f, is independent of the stiffness Sy
because f, depends notonly on Sy butalsoon Xgq.

C.1.Rolling contact

In the rolling contact case, the partial derivative of (15) is
given by



oG,
8sxk

= o3><11 = o3><l (47)

The force and moment vectors do not depend on the stiffness
deviation. The partial derivatives of (17) are given by

fr
oH
K T
=X 14 X (48)
P Lkt X Lkt
fr
oH
K T
o X k2 X Ltk2 (49)
Syk

Because these derivatives are positive semi-definite, the
stability is enhanced when the stiffness is increased. The effects
appear in the following directions

. Lfk . Lfk
Xifia ="Wisk~ RoicUe Xiso =Wk Rppelp  (50)
The base vectors of the object displacement in the null space of
(48) are given by
— _qT o
Yifke =Ve ® X = 123 RpseUz,

0 Lfk T Lfk
= RptkUi["Po " RpkUz]
1

(51)
Ziskg = Xk Yk =

Finger

Zifa

Ytk

(a) Object displacement of v ¢, and Z, ¢

P Finger
Zy k2 r J
«p
Yifk2 b -
D
Ltk T |
P Po Uy |

(b) Object displacement of Y, ¢, and Z, 4,

Figure 8: Displacement direction of (51) and (52)

In these displacements, the length of spring sy, does not x{x

change. In the case of "fkafk =—I,, these directions are
illustrated in Figure 8(a).

The base vectors of the object displacement in the null space
of (49) are given by
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. To
Yifko =V ® X ko = =123 Rpkly,
Zyifk2 = X k2 ®Yitk2

o Lfk T Lfk
_ | "RoskU2l""po ~ Ryl
1

(52)

In these displacements, the length of spring sy, does not

change. In the case of "fkafk =—I,, these directions are
illustrated in Figure 8(b).

C.2 Sliding contact

In the sliding contact case, the partial derivative of (21) is
given by

G, G,
=034, —K- =03, 53
P 35y 3x1 (83)

The partial derivative of (22) w.r.t. sy is given by

oH, "
aSXk

’ /T
= X X Lkt (54)

Because (54) is positive semi-definite, the stability is enhanced

when the normal component stiffness is increased. The effect
appears in the following direction:

T «fk

Uz =" Rptkly

fd
e, RLik (55)
Sk22

Xifke = XLk —
In the case of "fkafk =-I,, the base vectors of the object

displacement in the null space of (54) are obtained by (51).

The partial derivative by sy is given by

fs
oHy

. = X jok X ok (56)
y

Because (56) are positive semi-definite, the stability is
enhanced when the tangential stiffness is increased. The effect
appears in the following direction:

b 1

Kok =k,

Sk22
e uy

s -

Tbfkg Atk 57
—[PWi U Ilug "R S Uz]} ®7)
Pxok U1

.0 Kok
Xxok2 = Wik RptkU2

Because the derivatives (58) are not negative, the condition
(20) is enhanced when the stiffness is increased.
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Lfk
0" Skap _||,T Likg 2
s uz bfkU1|| »

Sxk (58)
oLk

Sk22 |\ T Lfk 2
. “Uz Rbfkuz“
Syk

D. Contact force effect

We investigate effects of the normal force component

Lfkka and the tangential force component Lfkfyk . In this

subsection, note that the treatment of the positive definiteness is

Lfk f

reversed because yk Is negative as shown in (16).

D.1 Rolling contact

In the rolling contact case, the partial derivative of (15) is
given by

fr fr
oG oG
Lfkk :oWLfk Uy, Lfkk :OWLfk u (59)
oLk, e

The force and moment vectors vary due to the deviation of the
contact force. The partial derivative of (17) w.r.t. Lk [

given by
fr
oH 1
K ={”k Py Uy ——}ng} (60)

et
F

(a) Inside-out grasp

Etfz z:o
_{ Lp <
ZLfle:]

(b) Outside-in grasp
Figure 9 Grasp type

If the grasp is an inside-out grasp (Figure 9(a)), Lk pg Up is

negative and (60) is negative semi-definite. Hence, the stability

is enhanced when the force fy decreases (i.e., the contact

force increases). If the grasp is an outside-in grasp (Figure
9(b)), we have "™ plu; > 0. If the condition (61) is satisfied,
(60) is positive semi-definite.

Lfk T 1

U >——
Po Ug I, (61)

In this case, the stability decreases when the contact force
increases. The effect appears in the displacement direction v, .

The effect of the tangential component force is derived as

fr
oH K
Lfk
Gl

I puylv vl (62)

In the case of the grasp shown in Figure 3, (62) becomes a zero
matrix.

D.2 Sliding contact

In the sliding contact case, the tangential component of the
force is zero. We only investigate the effect of the normal
component.

The partial derivative of (21) with respect to the normal
component of the force is given by
oG,

T, (63)
otk

(o]
=" WUy

The force and moment vector varies due to the normal force
error. The partial derivative of (22) is given by

oH fs T
k 1 Xioks2 | Xxoks2
Lk ok T Ltk s Lfk s
0 Mk ProkUt | — Sk22 Sk22 (64)
xok . T T
" po Wy lvevy
k02 . T kol T
KoL T k02 T Po U Po U
Po ul;*fo Poith 0t iy

N
Lo |
il

0l o 2402

@ “<plu >0 (b) *kplu, <0

Figure 10 Distance between the contact points

Positive definiteness of the first term depends on the
product xqx ¢ . IT both the finger and the object are convex,

the first term is positive semi-definite. In the case of
convex-concave contact, the first term is negative

semi-definite. pgu1>0 the second term is negative

semi-definite (Figure 10). The base vector of the object’s



displacement in the null space of (64) is given by Y, ks, . We
consider the following vectors:

Zak =V ®Yyoks2: Lok = Zyoks2 (65)

In the direction Zy = ayZ 4 +byZpy , we have

2
fs T
oH ZpiV
T k bk¥{
Lfk Lfk o
0 ka Sk
where
KokKfk 2 k. T, qLfk 2 .2
Cx =————aj *po U]~ skaobic (67)
Kok t Ktk

Equation (66) is derived in Appendix C. If a, and b, are
given from the region where c, is positive (negative), the
stability in the direction Z, is enhanced (lowered) when the
contact force decreases (increases).

From the derivative (68), "fks{(ZZ varies when the normal

component of the finger force deviates.

0 Ms10n  KokK ik

6"fkka Kok + Ktk

(68)

When the finger force is increased, the condition (20) gets
worse in case of the convex-convex contact, and the condition
is improved in case of the convex-concave contact.

E. Local contact frame deviation effect
When the local contact frame X, deviates as shown in
Figure 11, the pose is given by

0 0 Lok Lok
ALtie="ALok  Alok'(ELok) " ALtk (69)

where the pose deviation is represented by

Lok ALok' (8Lok) = Arrans(XLok ) Arot (SLok) (70)

(®) yiok

(@ x ok (©) &Lok
Figure 11 Pose deviation of the local contact frame
on the object surface.
C.1.Rolling contact

Using the derivation shown in Appendix D, the partial
derivative of (15) is given by
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fr fr
Gy 1w Gy Lk
= TywVeo = Ve
aXLok (71)
oGy Lik
=W Q- Fy
6§Lok

From these derivatives, it is observed that translational
deviation of the frame affects the moment component. The
rotational deviation affects not only the moment component but
also the force component.

The partial derivative of (17) by x| o is given by

oH,"
X Lok

T T Lk T
=V X ks = Xiks2Ve + o TxkVeVe

Lfkg ~1 Lk Lk T
= DX ks2 = Ve X Likso = Ve ]

Lfke -1 T
= X Lks2 X Liks2 (72)

where X s ="Wi s “€S U, . The first term is positive

semi-definite, and the second term is negative semi-definite.

When the frame deviates in the x axis, the stability decreases in

the direction X s, and increases in the following direction.
Lfk

Xifks2—  TxkVe (73)

Because the derivative (72) becomes a similar form to (64), the
stability deviation is investigated in a similar manner of (66). In

the case of Rptk =—1, , the base vectors of object's
displacement in the null space of (72) are given by vy and vy.

The partial derivative of the stiffness matrix with respect to
Yiok IS given by

fr
oH

T T, L T
=V X kst + XipkstVe + fykVeVe

a}’Lok

where X kst ="Wpsk "kak U . The effects of the deviation
Yiok C€an be divided into two directions in a similar manner of
(72).

oH,

a‘;/Lok
_[LfkfkTQLfk

Ltk T Ltka T o T
="W 1 QS W+ Wi Sk Q" Wi

T
Polvevy (75)

The effect of the deviation & o appears in all directions.

C.2 Sliding contact

In the sliding contact case, the partial derivatives of (21) are
given by
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fs fs

G _y By _ik

=Uszx, =" TyVeo
aXLok aYLok (76)
oG,° Lk Lk

0 0

=W Qi =T Winua ]~k
aé’Lok

The partial derivatives of (22) with respect to X, ¢, Y ok and

Lok are given by

oH: o g VelXpd X e
P T T Sk22 Lk s
XLok  OXLok Sk22

T T
_ Lk Ve X oks2 + X xoks2Ve vt
= Txk Ltk ., Y (77)

[ prokun] ™ st
ikfs o ik, VelX AR A 78
ok Lok a2 LK st 0
oH®  oH,T
0ok OSLok
Wy 2 S U [X ST + XS W Sy up T 79)

ik
Sk22

where Lfksklz = ulT Lkakuz. The derivatives (77) and (78)

can be divided into two directions in a similar manner of (72).
Compared with the rolling contact case, the second terms in
(77)-(79) appear due to the sliding contact. In the case of

ik Rpik =—1>, the second term of (78) disappears.

The effects by the deviations of X, are obtained in a

similar manner of X 5 .

F. Contact location effect

The deviation of the contact location affects the stability
(Figure 12). The first-partial derivatives of (15), (17), (21) and
(22) w.r.t. e are obtained by

%f_mf+ oG,
dao Mok Otk o)
wf:wf+xaw°
dagk ok OCLok

The first-partial derivatives w.r.t. o g, are obtained by

0G,°  8G,° oG,
dage Mok Oliok o1
oHS®  oH,C oH, o
S ok " 0Ciok

The force and moment vector and the grasp stiffness matrix
vary due to the contact location deviation. It is shown that the
effects can be divided into the effects of y, o and & o -

(a) ok (b) a fx

Figure 12 Location deviation of the local contact frame
on the object and finger surfaces.

IV. CONCLUSIONS

We analyzed the effects of the parameters’ deviation on the
grasp stability. It was shown that the force and moment vector
and the stiffness matrix of the grasp are given by a function of
contact parameters such as contact condition, local curvature,
finger stiffness, and so on. The partial derivatives of the vector
and the matrix w.r.t. the parameters were derived analytically.
The effects were investigated from the view point of positive
definiteness of the derivatives. The null spaces of the
derivatives were also provided. In this space of the object pose
displacement, the grasp stability is not affected by the
parameters’ deviation. The effects of the local contact frame
deviation were also investigated. As a result of the analysis, it
was shown that the stability is enhanced when the rolling
contact appears, the local curvature decreases, the finger
stiffness increases, and so on. The effects of the other
parameters were investigated. In this paper, for generality, we
discussed the case that the orientation of the finger stiffness is
tilted from the contact normal and tangential directions. If the
orientation is adjusted at the directions, the effects are
simplified.

In our future projects, we will discuss tuning the grasp
parameters based on our analysis in order to enhance the grasp
stability. Finger position optimization will be attacked using the
effects of the local contact frame deviation
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APPENDIX A: SYMBOLS

The relation of a frame X, with respect to a frame X, is

represented by the following homogeneous transformation
matrix:

a a
ap=| Rb "Po| g3 (82)
Opo 1

where the matrix 2R, e R%*2 represents the orientation of the

frame, the vector apb eR? represents the position of the

frame. For simplicity of the translation and rotation
displacement description, the following matrices are used.

X _|Rot(&) 0pq
l:|’ Arot (g) = |: lez :|l

cos¢  —sin 5}

sind  cos¢

P
Arrans(X) = |:O
1x2 (83)

Rot(<) :={

In two dimensional space, the vector x:[x,y]T and the scalar
¢ represent the translation component and the rotation
component, respectively. The matrix |, is an n-by-n identity
matrix.
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We also define the following symbols:

a 0 -1
A, = Ro |cr¥2, q- :Rot[fj,
“ Py ®°Ry 10 2

u =0,  uy=[o4",
vy =[010]", v, :=[001]"

(84)
I23 :=[12,02511],
v, =[10,0]",

The symbol ® is represented for the cross product in 2D planar

space or configuration space.
The vector g, = [xg ,g’O]T is the object pose displacement.
Taylor series of the potential function is given by

U(go) =U(0)+55 G+ 55 Hag +-- (85)
where
aU (e % (e
c-ME) (‘}) (©6)
%6 |, 08408, |,

APPENDIX B: DERIVATION OF (39)
The vector Y 4 is calculated as follows:

Yisk =V O["Wogi S u, —kakavg]
=V AW, S U]

Q 0y °R
{ 2 1} R
Oz 0 % pes® Ry
|
{0 ? }QORm‘k HSiup =1230R,q U, (87)
1x2

The vector Z,4, is calculated as follows:

wfk fk T Ak
Zk "W Sicup="" v - 1® [123Q°R 1Sy U5 ]
r itk

B Ryt SicUp ®
= wfk Ak

| % Patk ® Ry ™ St =" T

QRS Uy
Op2
QLQR 1S, Un 1P ® Rt ™Sy Uy~ i ]
| Rk ™S Up ] O [QR g Sy U]
PR S Up 110 @45y 1y +4546 ]

| [RS8 ]" [Q°R i Sy U]
PR S up 116 i — g S, U, ]

2 (88)
st
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APPENDIX C: DERIVATION OF (66)
Equation (66) is obtained from the following procedure:

L7 M fs
k Lfk
0y

T 2
2k Xoks2]
[kapTxokul]Lfksk 22

2 [Z3 X xoksz 1
[kaT ]Lfkskz

ProkU
2
T
ZyV
ok T 1Lk bkV¢
1" pg w155 } T
Sk22

{ al%
kT
Prok U1
25, |
\'
2 [KOk Tul]Lkakzzbk }{ Lﬂt(]k/( } (89)

Zy

1 *pguglizg v, 12

[KOk T

Po Uy 1[Zpv 12
| KokKtk
Kok + Kk Sk22

APPENDIX D: DERIVATION OF (71) AND (80)
From (69) and (70), we have

%A 1 oLoka
L op Lok (€Lok) Lok AL (e 04)
OX Lok X Lok

Lok Lok
x Aok (ELok) ALtk

O2¢2 U1 [Lok Lok
:OALOK{O o T Aok (ELo) A (0)
1x2

At the initial condition, we have

0 u
_op { 2x2 1}LokALfk

O°ALsc
A Lok lez 0

6X|_k
% g

0 °R{ kU
_|Y2x2 Lok U1 (91)

O 0
Therefore we have

"Wy 1k 2Py I, ]0°Riw
=V | ——® °Rugc +| o

OXLok OX|ok Puik ® | OX(ok
Lok
=V [(°Riok )@ Ry ] =Vouz 2 Rige
=-V¢ u; (92)

and
fr
oG 8 W
k g Tk UE v (93)
OXLok aXLok
In the similar manner of x| g, , we have
0°Wysk Lok
=V [CRpokt2)®°Rys] = —vou Ry
aYLok
=vouf (94)

The partial derivative by ¢ is obtained by the following
procedure:

AL Lok Q02 [Lok
=°ALok “ALok (ELok) AL
0¢ Lok ° R0, 0
A o Q 024 |Lok
="ALok ALtk
o< Lok 0 O O
Lok K
:[ORLokQ TR ORLokQ™° PLfk} (95)
0142 0
:l:ORLka Ole:l
0142 0
W g |
= R Q="W 1 Q
Lok | PLik®

The partial derivative by a,, is obtained by the following
procedure:

0°Actk (o) Kok€2 0241 |xok
—zoAkokArot(Kokaok) ° e ALtk s

aaok Ol><2 0
aoALfk(aOk) _ K‘OkoRLka —KOkORLkaLfkaok

datgk 012 0

:l:KokoRLka _ORLkaZ} (96)
012 0
"Wk _ 0 PLik o PR . L o |0 R
Otk Oay Lk op e ® Oy
"W 0°W g




