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Abstract— In order to further reduce the incisions of laparoscopic 

surgery and the possibility of infection, the organic combination of 
single-incision laparoscopic surgery (SILS) and robotics has made the 

degree of minimally invasive surgery further improved. A new 5-DOF 

single-incision laparoscopic surgery robot was designed based on 

Axiomatic Design Theory, whose structure consisting of the 
movement mechanism, the endoscope and the position and pose 

adjustment mechanism. The robot parts are connected in series and 

parallel, allowing a pivotal motion of the endoscope in the center of 

the robot for realizing the incision. In order to achieve a performance 
optimization and a dynamic control of the single-incision laparoscopic 

surgical robot, the kinematics and dynamic modeling and dynamic 

stiffness analysis of the robot are especially important. The forward 

kinematics equation, inverse kinematics equation and Jacobian matrix 
of the SILS robot are derived based on D-H method and geometric 

method, and the kinematics numerical simulation is carried out by 

Matlab. The dynamic equation of the robot is derived by Kane method. 

Subsequently, a numerical simulation of the robot dynamics equation 
is performed, with its virtual prototype utilized to set the motion plan 

of the robot mechanism. After robot’s dynamic simulation, the 

numerical changes of the driving force and torque for each robot’s 

moving mechanism are obtained. The performed simulation results 
further verify the correctness of the established robot’s dynamic 

model. Finally, utilizing the above methods, the dynamic stiffness 

model and evaluation index of the robot are determined, and the 

dynamic stiffness of the robot is analyzed and evaluated. The results 
of the kinematics, dynamic and stiffness analysis of the SILS robot 

further validate that the 5-DOF SILS robot has a reasonable structure, 

motion and sufficient stability to meet the needs of single-incision 

laparoscopic surgery. 

Keywords— abdominal surgical robot, axiomatic design 

theory,kinematics,dynamics,stiffness 

Copyright© 2020. Published by UNSYSdigital. All rights reserved.  

DOI: 10.21535/ijrm.v7i1.1031 

I. INTRODUCTION 

THE single-incision laparoscopy is a minimally invasive 

surgical procedure that is currently used by surgeons and is 
considered a new innovation modality in the field of 

laparoscopic surgery. However, due to the field of view 

occlusions of single-incision laparoscopic surgery several 

challenges are introduced during the operation.Some of them 

include the interference problem of surgical instruments that 

cause poor operational freedom of surgery, the difficulty in 

estimating the distance and depth of the lesions, the poor 

visibility of the surgical field, as well as the even higher 

necessary surgeon’s laparoscopic operation experience. The 

critical combination of laparoscopic surgery and robotic 

technology effectively solves the problems of conventional 

laparoscopic surgeries, and the degree of invasive surgery is 
further reduced. Recently, the research in abdominal surgical 

robots has been expandingresulting in various structural forms 

of robots, such as AESOP surgical robots[1], ZEUS surgical 

robots[2], EndoAssist surgical robots[3], Da Vinci surgical 

robots [4], single-channel Snake-Like Robot[5] and single-

incision dual-arm small robot IREP[6]. 

However, the minimally invasive single-incision 

laparoscopic surgical robots entail a complicated structure, poor 

stability, difficult control, and provide a very confined space to 

the surgeon for performing the surgical operation.Therefore, a 

new SILS robot need to be proposed, which can control the 
endoscope to enter the human body cavity through a narrow 

single hole with relatively rigid and stable relative to human 

tissues and organs. Besides the reasonable structure and 

adequate motion degree of freedom, the designed robot should 

have the ability to work normally in a certain continuous space 

and the ability to change its attitude within a given range, so as 

to avoid important tissues during the operation. It should also 

have better flexibility and stiffness, and have the best motion 

and force transfer performance in the motion trajectory. 

In this paper, a new 5-DOF SILS robot is designed based on 

Axiomatic Design Theory firstly. And, the forward kinematics 
equation, inverse kinematics equation and Jacobian matrix of 

the SILS robot are derived based on D-H method and geometric 

relationship, and the kinematics numerical simulation is carried 

out by Matlab. In order to address the performance optimization 

and dynamic control of the single-incision laparoscopic surgical 

robot, the dynamic modeling and dynamic stiffness analysis of 

the robot are required[7]-[10]. The dynamic equations of robots 

are quite difficult to obtain with the most commonly used 

modeling methods including the virtual work principle, Newton 

Euler method and Lagrangian method, Kane method[11]-[19]. The 

Kane method[20] requires to project the vector force and the 
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D’Alembert inertial force into a special base vector, so that the 

ideal binding force is not generated in the equation, thereby 

improving the computational efficiency of the equation. In this 

paper, the inverse kinematics equation and the Jacobian matrix 

of the robot are derived by a geometric method with its dynamic 

model being extracted by the Kane method. Based on the 

motion sequence of each mechanism of the robot, the motion 

planning of different time series is then proposed. The 

numerical and virtual simulations are carried out by MATLAB 
and ADAMS, respectively, to further verify the correctness of 

the dynamic model. Finally, the dynamic stiffness model and 

the evaluation index of the robot are defined, allowing an 

analysis and evaluation of robot’s dynamic stiffness. 

By replacing the doctor with a surgical robot's end-effector 

to hold the surgical instrument, the quality and accuracy of the 

operation are improved, and the surgical operation is expanded 

[25, 26]. SILS robot needs to meet the requirements of 

operation in terms of composition, dexterity, freedom and 

stability. The robot should include two independent parts: robot 

positioning mechanism and endoscope pose adjusting 

mechanism; the endoscope pose adjusting mechanism should 
have high flexibility to locate the surgical incision and reduce 

the interference of other mechanisms; the endoscope needs to 

achieve 3 DOF motion, so as to fully obtain the target vision in 

the abdominal cavity; the various mechanisms of the robot 

should be positioned at the surgical incision with smooth 

motion and enough stiffness. 

II. LAPAROSCOPIC SURGICAL ROBOT DESIGN 

This section presents a design requirement, design method 

and mechanical structure of a single-incision laparoscopic 

surgical robot. 

A. Robot design requirement 

Traditional laparoscopic surgery usually uses a 2-4 incisions 

method. Surgeons use forceps to enter the abdominal cavity 

through a trocar (about 5-10 mm in diameter) and observe the 

images obtained by endoscope thatneed to be adjusted to meet 

the doctor’s vision requirements (Figure 1(a)), which results in 

multiple long scars on the patient’s abdomen[21][22]. Because of 

the limitation of endoscopy in traditional laparoscopic surgery, 

considering the safety of the operation process and avoiding the 

patient's body injury caused by endoscope motion, the 

endoscopy should achieve three-degree-of-freedom motion 

centered on the surgical incision[23][24]: two degrees of freedom 

of cone swinging centered on the operation incision and moving 

along the axis of the endoscope, as shown in Figure 1(b). 

B. Design based on axiomatic design theory 

Axiomatic design theory is a scientific criterion in the field 

of design to make correct decisions in the design process by 

guiding designers, which provides a good way of thinking for 

innovative design or improvement of existing design [27]. 

Axiomatic design divides the design process into four domains, 

namely, Customer domain, Functional domain, Physical 

domain and Process domain. In axiomatic design, a direct 

mapping relationship between functional domain and physical 

domain is established, where a function is directly 

corresponding to a structure, as shown in Figure 2. 

 

 
Figure 1 (a) Conventional laparoscopic surgery, and  

(b) Motion mode of endoscope 

 
Figure 2 Mapping principle  

of functional domain to physical domain 

Customer requirements are defined as functional 

requirements (FR), and design solutions are defined as design 

parameters (DP) that should satisfy FR. The design process can 

be seen as a mapping from functional requirement domain to 

design parameter domain. Mapping can be expressed by 

axiomatic design theory as follows: 

 {FRs} = [A]{DPs} (1) 

Formula (1) is called product design equation, in which 

{FRs} is the function requirement vector, {DPs} is the design 

parameter quantity, [A] is the product design matrix based on 

FR and DP, and the design process of the robot is guided by 

[A]. Formula (1) is called product design equation, in which 

{FRs} is the function requirement vector, {DPs} is the design 

parameter quantity, [A] is the product design matrix based on 

FR and DP, and the product design process is guided by [A]. 

According to the different forms of [A], design can be divided 

into three types: 

(1) Uncoupled Design: [A] is a diagonal matrix; 

(2) Decoupled Design: [A] upper triangular or lower triangular 

matrix; 

(a) 

(b) 
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(3) Coupled Design: [A] is neither triangular nor diagonal 

matrix. 

Axiomatic design is a structural design method. Its purpose 

is to improve design behavior by establishing criteria for 

evaluating potential design activities and providing means to 

implement these criteria. These criteria are: independence 

axiom and information minimization axiom. Independence 
axiom refers to maintaining the independence of FRs and 

pointing out the relationship between FRs and DPs. The design 

scheme must satisfy each independent functional requirement 

without affecting other functional requirements, that is, the 

relationship between FR and DP should be uncoupled or 

decoupled. Information axiom means that under the condition 

of satisfying the axiom of independence, the design with the 

smallest amount of information is the optimal design. For the 

same design task, different designers may come up with 

different design schemes. It is also possible that these schemes 

satisfy the independent axiom. The design with the least 

information content should be the best design in evaluation. 

Axiomatic design can effectively guide designers to 

complete innovative design. In this paper, a new type of SILS 

robot is designed by using axiomatic design theory. SILS 

robot’s endoscope can locate the patient incision and complete 

two degrees of freedom of cone swinging with the center of the 

operative incision and moving along the axis of the endoscope. 

Therefore, in order to design a new SILS robot, especially the 

robot structure, the functional requirements are as follows: 

 FR1: Realize the functional strategy of SILS robot; 

 FR2: Drive the mechanism of SILS robot; 

 FR3: Control the motion of SILS robot; 

 FR4: Real-time monitoring of the motion of SILS robot. 

According to the above functional requirements of the robot, 

the corresponding design parameters are as follows: 

 DP1: Mechanical system; 

 DP2: Driving system; 

 DP3: Control system; 

 DP4: Monitoring system. 

According to axiomatic design principle, design matrix can 

be obtained, and the relationship between FR and DP can be 

expressed as follows: 

 

FR DP

FR DP

FR DP

FR DP

X X
X
X
X

1 1
2 2
3 3
4 4

 
(2) 

FR2, FR3 and FR4 can be satisfied independently, while FR1 

needs to be satisfied by DP1 and DP2. It can be seen from (2) 

that the design matrix is decoupled, so it conforms to the 

independent axiom of axiomatic design principle. 

 

In order to realize the various motions of SILS robot, FR1 
can be decomposed into the following two requirements: 

o FR11: Realize the localization of robot endoscope; 

o FR12: Realize the pose adjustment of robot endoscope. 

To meet the requirements of FR1, the design parameter DP1 

can be decomposed into: 

o DP11: A robot endoscope positioning mechanism; 

o DP12: Arobot endoscope pose adjustment mechanism. 

According to axiomatic design principle, design matrix can 

be obtained, and the relationship between FR and DP can be 

expressed as follows: 

 
FR DP

FR DP

X
X

11 11
12 12

 (3) 

Equation (3) shows that the design matrix is uncoupled and 

accords with the independent axiom of axiomatic design 

principle. 

To realize the localization of robot endoscope, FR11 can be 

decomposed into three sub-functions as follows: 

 FR111: Endoscope positioning mechanism realizes 

horizontal motion of endoscope (X direction); 

 FR112: Endoscope positioning mechanism realizes the 

vertical motion of endoscope (Y direction); 

 FR113: Endoscope positioning mechanism realizes the 

anterior and posterior motion of endoscope (Z direction). 

In order to meet the requirements of FR11, DP11 is 

decomposed into the following parts according to axiomatic 

design theory: 

 DP111: A double-track single screw sliding table 

mechanism with horizontal arrangement; 

 DP112: A double guide rail double screw sliding table 

mechanism with vertical arrangement; 

 DP113: A parallel mechanism consisting of two sliders 

mounted on the vertical slide screw and two connecting 

rods articulated. 

According to axiomatic design principle, design matrix can 

be obtained, and the relationship between FR and DP can be 

expressed as follows: 

 

FR DP

FR DP

FR DP

X
X
X

111 111
112 112
113 113

 (4) 

In order to adjust the attitude of robot endoscope, FR12 can 

be decomposed into the following two sub-functions: 

 FR121: Pose adjusting mechanism realizes swing forward 

and backward of endoscope (Z direction); 
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 FR122: The pose adjustment mechanism realizes swing 

left and right of endoscope (X direction). 

In order to meet the requirements of FR12, DP12 is 

decomposed into the following parts according to axiomatic 

design theory: 

 DP121: A mechanism in which long fork and cross base 

can rotate relatively; 

 DP122: An endoscope rotating mechanism driven directly 

by a motor. 

According to axiomatic design principle, design matrix can 

be obtained, and the relationship between FR and DP can be 

expressed as follows: 

 
FR DP

FR DP

X
X

121 121
122 122

 (5) 

From (4) and (5), it can be seen that the design matrix is 

uncoupled and accords with the independent axiom of 

axiomatic design principle. 

C. Mechanical structure description 

According to the axiomatic design above, a new rectangular 

coordinate structure is selected as the main configuration of the 

robot, whose degree of freedom is 5, including 3 degrees of 

freedom of motion and 2 degrees of freedom of rotation. The 

new robot mechanism sketch is shown in Figure 3. The robot 

structure is divided into a robot positioning mechanism with 3 
degrees of freedom and an endoscope pose adjustment 

mechanism with 2 degrees of freedom. The robot positioning 

mechanism can realize the positioning of the endoscope to the 

incision of the patient's abdominal cavity, and the endoscope 

moves to the corresponding incision position through the 

horizontal and vertical motions. The positioning mechanism of 

the robot which includes a horizontal motion mechanism and a 

vertical motion mechanism adopts a screw transmission 

mechanism. The horizontal moving mechanism is a 

horizontally arranged double guide single spiral screw slide 

table. The effective stroke of the sliding table is 300 mm. The 

vertical moving mechanism is a double guide double spiral 

screw slide table arranged in a vertical direction, which is 

integrally mounted on a slide table of a horizontal moving 

mechanism and a parallel mechanism that two sliders in the 

vertical motion mechanism are connected by links to form 

realizes the axis motion. The effective length of the vertical 
moving mechanism is 400 mm. The robot pose adjustment 

mechanism is driven by two mutually perpendicular motors. A 

motor is mounted on the first long fork, the motor output shaft 

is connected to a cross-rotation base, the rotation angle range is 

0° ~ 120°, and the other motor is mounted on the cross-rotation 

base, and the rotation angle range is 0° ~ 60°. The structure 

model of the laparoscopic surgery robot was obtained, as shown 

in Figure 3(b). 

III. KINEMATIC OF LAPAROSCOPIC SURGICAL ROBOT 

A. Forward kinematics 

The SILS robot in Figure 3 is an open kinematic chain. The 

D-H method [28] can be used to establish forward kinematics  

 

 

Figure 3 (a) Schematic diagram of mechanism and  

(b) 3D schematic representation of SILS robot 

 

Figure 4 Coordinate system of the SILS robot mechanism 

equation by the equivalent homogeneous transformation matrix 

from coordinate system of the base to coordinate system of the 

end-effector. The SILS robot adopts a series-parallel hybrid 

structure with 5 degrees of freedom, which can realize 

endoscope positioning, axis telescopic motion along and axis 

conical motion. The parallel part of the robot mechanism can 

be simplified for the same joint to form a series part, and the 

coordinate transformation of each joint can be obtained, as 

shown in Figure 4. The parallel part is fused into the series part 

by geometric relation, and then the forward kinematics solution 

(a) 

(b) 
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of the SILS robot can be obtained. For the parameters of the 

rods, 𝛼𝑖−1  is defined for the rotation angle between the two 

joint axes, 𝑎𝑖−1 is the vertical length of the rod between the two 

joint axes, 𝑑𝑖  is the vertical offset of the rod between the two 

joint axes, and 𝜃𝑖 is the perpendicular joint angle between the 
two joint axes. The rod parameters and joint variables of the 

robot are shown in Table 1. 

Table 1 Robot link parameters and joint variables 

No. 𝛼𝑖−1 𝑎𝑖−1 𝑑𝑖  𝜃𝑖 

1 0° 0 𝑑1 0° 

2 -90° 0 𝑑2 0° 

3 0° 0 𝑑3 0° 

4 90° 𝑍𝐵  𝑋𝐵  𝜃4 

5 -180° 𝑎4 𝑑5 𝜃5 

6 90° 0 0 90° 

7 0° 𝑎6 0 0° 

 

According to the parameters and joint variables between 

adjacent joint coordinate systems, the transformation matrices 

of each rod are obtained. By multiplying the transformation 

matrices of the rods, the robot end transformation matrices in 

coordinate system of the base {Ο} can be obtained as follows: 

20 1

1 2

1 1

2 3

3 4

3

4

4 5

5 6

5

1 0 0 0 1 0 0 0

0 1 0 0 0 0 1
; ;

0 0 1 0 1 0 0

0 0 0 1 0 0 0 1

1 0 0 0 1 0 0

0 1 0 0 0 0 1
; ;

0 0 1 0 1 0 0

0 0 0 1 0 0 0 1

1 0 0 0 1 0 0

0 1 0 0 0 0 1 0
;

0 0 1 1 0 0 0

0 0 0 1 0 0 0 1

B

B

d
T T

d

Z

X
T T

d

a

T T
d

   
   
    
   
   
   

   
   

 
    
   
   
   

  
 


  
 
 
  

6

6

7

;

1 0 0

0 1 0 0

0 0 1 0

0 0 0 1

a

T


 
 
 
 



 
 
 
 
 
 

 

 
0 0 1 2 3 4 5 6

7 1 2 3 4 5 6 7      T T T T T T T T  (6) 

The parallel part of the SILS robot is that the two moving 

joints in the vertical moving mechanism drive the rods to 

complete the telescopic motion along the axis of the endoscope, 

and the vertical moving joints drive the two connecting rods to 

move. The two rods and the lead screw form a triangle shape. 

The geometric relationship can be obtained in (7) and (8). By 

substituting the results obtained from the parallel part into the 

series part, the relative position and pose changes of the SILS 

robot can be obtained. 

 

2 2 2

3

3

cos
2  

l d b

d l


 
   (7) 

 
sin

cos

B

B

Z l

X l








   (8) 

 

4 4

2 3 4 4

6 1 5

sin  

 

cos

1 1

x

y

z

p l a c

p d d a c

p l a d d





   
   

 
   
     
   
   

  (9) 

 

0Y
0X

0Z

1q

3q
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G

h



 
Figure 5 Robot system model 

B. Inverse kinematics and Jacobian matrix 

The coordinate system of the proposed single-incision 

laparoscopic surgical robot is defined, as shown in Figure 5. 

The one end of the horizontal movement mechanism of the 

robot positioning mechanism is the base coordinate system 
(𝑋0, 𝑌0 , 𝑍0). The moving distance of the sliding table in the 

horizontal moving mechanism is defined as 𝑞1, and the moving 

distance of the sliding block in the vertical moving mechanism 

is defined as 𝑞2  and 𝑞3 , respectively. The endoscope rotation 
angles driven by the motor in the position and pose adjustment 

mechanism are 𝑞4 and 𝑞5 , respectively. According to the 

analysis of the parameters of the previous design, the length 𝑟of 

the first link, the length 𝑏  of the second link, the length 𝑙 
between the hinge of the first and second link and the first 

sliding block of the vertical movement mechanism, and the 

length ℎ of the endoscope are already known. 𝛽 is the angle 
between connecting rod and vertical direction. The end effector 

coordinate system is defined as shown in Figure 6. Since the 

position of the end effector endoscope in the abdominal cavity 

changes momentarily, The coordinate system (𝑋𝐴, 𝑌𝐴, 𝑍𝐴) , 

(𝑋𝐵 , 𝑌𝐵 , 𝑍𝐵)  and (𝑋𝐺, 𝑌𝐺 , 𝑍𝐺 )  of the rotating center point 𝐴 , 
incision point B and end point G were established, and 

(𝑋𝐴
′ , 𝑌𝐴

′, 𝑍𝐴
′ ) is the translation coordinate system of (𝑋𝐴, 𝑌𝐴, 𝑍𝐴) 

at point 𝐵. The rotation angle 𝜑 and the endoscope inclination 
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angle 𝜃 in the abdominal cavity are indicated in Figure 6. The 

distance from endoscope’s point B along the incision to the end 

point G is defined as ℎ1. According to the defined coordinate 
system and its known values, the rest variables are derived 

using the coordinates of the end effector. The final result is the 

inverse solution of the robot kinematics. 

AZ
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GYBX'

BX
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BZ

BY

AY

AX
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A

BG YY 

BG XX 
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h





4q

5q

G’





A’

 
Figure 6 End effector coordinate system 

It can be derived from Figure 5 and Figure 6 that the 

generalized motion factors 𝑞1, 𝑞2, 𝑞3, 𝑞4, 𝑞5 are known, as well 

as the geometric parameters 𝑏 , ℎ , 𝑙 , and 𝑟 . Thus, the 
coordinates of point A can be directly written: 

 

1

3

cos

sin

A

A

A

X q

Y r

Z q r









 

 




 (10) 

where 

 
 

 

2 2 2

3 2

3 2

cos
2

q q l b

q q l


  



  

 
 

 

2
2 2 2

3 2

3 2

sin 1
2

q q l b

q q l


   
  
 
   

 

According to the point A coordinates, the coordinate value of 

point G and the angle of 𝜑 and 𝜃 can be obtained. 
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









 (11) 

Based on the established geometric model, the kinematic 

equation is obtained. The implicit equation for the end of the 

abdominal surgical robot is defined as follows: 
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






 (12) 

The kinematics model can be represented by a matrix: 

   0A X B q   (13) 

According to the formula of the kinematic model obtained, 

𝑞̇ = [𝑞̇1 , 𝑞̇2 , 𝑞̇3 , 𝑞̇4, 𝑞̇5]T reflects the tiny motion of joint space, 

and 𝑋̇ = [𝑋̇G, 𝑌̇G, 𝑍̇G, 𝜑̇, 𝜃̇]  reflects the slight motion of the 

operating space. The slight motion of the operating space 

consists of slight line displacements and slight angular 

displacements of the joint space, so the kinematic model can be 

rewritten as: 

 1   X A B q   (14) 

According to (14), the robot’s velocity Jacobian can be 

obtained: 

 1  J A B   (15) 

IV. DYNAMIC MODELING OF  

LAPAROSCOPIC SURGICAL ROBOT 

A. Kane method 

The single-incision laparoscopic surgical robot is a hybrid 

robot, which can to be divided into several parts according to 

its structural characteristics for dynamic analysis. In this paper, 

the Kane method is used to establish the dynamic equations of 

robot’s components where the dynamic equations of several 

components can then be combined. The equation can be 

interpreted as the statement that the sum of the generalized 

active force 𝐹𝛾  and the generalized inertial force 𝐹𝛾
∗ 

corresponding to the γ-th independent velocity of the system is 

zero. 

 
* 0F F    (16) 

The generalized active force is defined as: 

 
' 'F R u L         (17) 

where 𝐹𝛾 is the principal vector of the centroid of the rigid body, 

𝐿𝛾  is the principal moment of the centroid, 𝑢𝛾
′  is the partial 

velocity at which the centroid corresponds to an independent 

velocity, and 𝜔𝛾
′  is the partial. 

The generalized inertial force is defined as: 

 
* * ' * 'F R u L         (18) 

where 𝑅𝛾
∗ is the principal vector of inertia of the centric of the 

rigid body, 𝐿𝛾
∗  is the principal moment of inertia of the centric, 
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𝑢𝛾
′  is the partial velocity at which the centric corresponds to an 

independent velocity, and 𝜔𝛾
′  is the partial. The principal inertia 

vector can be obtained according to Newton’s second law, and 

the inertia principal moment can be obtained according to the 
inertial tensor. 

B. Robot horizontal moving mechanism 

Assuming that the generalized coordinate of the horizontal 

movement mechanism of the robot is 𝑞1 , the generalized 

velocity is 𝑢1 = 𝑞̇1 . Therefore, for the sliding table with the 

screw nut pair, the velocity is defined as 𝑉ℎ = [𝐺𝑣
𝐻]𝑞̇1, thus the 

partial velocity of the slide is 𝑢ℎ
′ = [𝐺𝑣

𝐻]. Where [𝐺𝑣
𝐻] is the 

first-order influence coefficient, which corresponds to the first 

column of the velocity Jacobian matrix in robot modeling. The 

sliding table has only a linear motion in the horizontal moving 

mechanism, so the angular velocity is 𝜔ℎ = 0, and the partial 

angular velocity is 𝜔ℎ
′ = 0. The mass of the horizontal moving 

mechanism is 𝑀1, and the generalized active force caused by 

the volume force is: 

  
'

11
  hTG

F M g u  (19) 

The generalized active force caused by the driving force is 

mainly provided by the motor, so the generalized active force is 

𝑓1 . 

     11 1r TG
F F f   (20) 

According to the calculation formula of the generalized 

inertial force, the principal vector of the inertial force 𝑅𝛾
∗  is 

required. Since the mechanism does not produce angular 

velocities, it is not necessary to obtain the principal moment 𝐿𝛾
∗ . 

According to Newton's second law formula, the principal vector 

of inertial force can be obtained by 𝑅𝛾
∗ = −𝑀1𝑎 . The 

acceleration 𝑎 can be derived from the generalized velocity: 

 1 1 1 1

T H H

v va q H q G q         (21) 

where [𝐻𝑣
𝐻]  is the second-order influence coefficient, which 

corresponds to the first column of the acceleration Jacobian 

matrix in robot research. 

In summary, the generalized inertial force of the robot 

horizontal moving mechanism is: 

    * '

1 1 1 11

T H H

v v hr
F M q H q G q u          (22) 

The generalized active force and the generalized inertial 

force of the horizontal moving mechanism are substituted into 

(16), and the driving force of the robot horizontal moving 

mechanism is obtained as follows: 

   ' '

1 1 1 1 1 1

T H H

v v h hf M q H q G q u M gu          (23) 

C. Robot vertical moving mechanism 

The generalized coordinates of the vertical moving parallel 

mechanism are assumed to be 𝑞2 and 𝑞3, with its generalized 

velocity being 𝑢2 = 𝑞̇2, 𝑢3 = 𝑞̇3. According to the definition of 

the partial velocity, its partial velocity is being 𝑉𝐻(𝑟) = [𝐺𝑣
𝐻], 

where the [𝐺𝑣
𝐻]  is the first-order influence coefficient, 

corresponding to the second and third columns in the velocity 

Jacobian matrix. The generalized driving force caused by the 

volume force includes the volume force of the link and the 
volume force of the sliding table, with the volume force of the 

link calculated by: 

    

2

1

ig r g r
i

F g m V


   (24) 

Since the sliding table’s volume force considers only the 

gravity effect its volume force can be obtained by: 

    

2

1

LiL r H r
i

F g m V


   (25) 

The generalized active force caused by the driving force is 

mainly caused by the two motors in the vertical moving 

mechanism, with each value being equal to 𝐹𝑄 = [𝑓2  𝑓3 ]. 

In summary, the generalized active force of the vertical 

moving robot’s mechanism is as follows: 

      2 Qr g r L r
F F F F    (26) 

The second order influence coefficient correspond to the 

second and third columns of the acceleration Jacobian matrix, 
thus the inertial force principal vector of the link is: 

    * , 2, 3T H H

i i v i v ig r
R m q H q G q i          (27) 

The inertial force principal vector of the sliding table is: 

    * , 2, 3T H H

Li i v i v iL r
R m q H q G q i          (28) 

The principal rotational inertial force is equal to 𝐿𝑖 =
−𝐼𝑖𝜀𝑖 − 𝜔𝑖 × 𝐼𝑖𝜔𝑖 .The main rotational inertial force can be 

produced by the link of the parallel mechanism, which can be 

calculated according to the rotational inertia formula of a 

homogeneous body: 𝐽𝐶𝑖 = (𝑚𝑖𝑙𝑖
2) 3⁄  ,where 𝑚𝑖  is the mass of 

the link and 𝑙𝑖 is the length of the link. 

In summary, the generalized inertial force of the parallel 

mechanism is: 

             * * *

2 L r Cir g r g r H r i r
F R V R V J      (29) 

According to the definition of Kane equation, the generalized 

active force and the generalized inertial force of the vertical 

moving mechanism are substituted into (16), with the driving 

force of the vertical moving mechanism of the robot calculated 

as follows: 

 
   

     

2 1 2 1 2 1 111 1

1 12 1 2 11 1 1

       

           

L Cg H

C Lg g H

f m a V m a V J

J m g V m g V m g V





  

   
 

(30) 

 
   

     

3 2 3 2 3 2 212 2

2 22 1 2 22 2 2

       

           

L Cg H

C Lg g H

f m a V m a V J

J m g V m g V m g V





  

   
 
(31) 
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D. Robot position and pose adjustment mechanism 

The two revolute pairs of position and pose adjustment 

mechanism that generate the rotation angle are the revolute 

pairs A and B whose rotation axes are perpendicular to each 

other, so the generalized coordinates are assumed to be 𝑋𝐺, 𝑌𝐺 , 

𝑍𝐺, 𝛼1, 𝛼2, and the generalized rate is 𝑢1 = 𝑋̇𝐺, 𝑢2 = 𝑌̇𝐺 , 𝑢3 =
𝑍̇𝐺, 𝑢4 = 𝛼̇1, 𝑢5 = 𝛼̇2. The angular velocity of the revolute pair 

A is equal to 𝜔𝐴 = 𝛼̇1𝑒1 = 𝑒1𝑢4. The partial angular velocity 

of the revolute pair A is:  𝜔𝐴(4) = 𝑒1 = cos 𝑞4 , 𝜔𝐴(1) =

𝜔𝐴(2) = 𝜔𝐴(3) = 𝜔𝐴(5) = 0 (where 𝑞4 is the angle at which the 

endoscope is adjusted). The angular velocity of the revolute pair 

B is: 𝜔𝐵 = 𝜔𝐴 + 𝜔𝐴
𝐵 = 𝛼̇1𝑒2 + 𝛼̇2𝑒2 = 𝑒1𝑢4 + 𝑒2𝑢5 , where 

𝜔𝐴
𝐵  is the angular velocity of the revolute pair B with respect 

to revolute pair A. Therefore, the partial angular velocity of the 

revolute pair B is  𝜔𝐵(4) = 𝑒1 = cos 𝑞4 , 𝜔𝐵(5) = 𝑒2 =
(sin 𝑞5) (sin 𝑞4)⁄ , 𝜔𝐵(1) = 𝜔𝐵(2) = 𝜔𝐵(3) = 0. 

The generalized active force caused by the driving torque is 

mainly produced by the two motors in the position and pose 

adjustment mechanism, where 𝐹 = [𝜏4 𝜏5] . The force and 
moment generated by the end effector and the working area can 

berespectively simplified to 𝑅𝐶 and 𝐿𝐶  on the endoscope. Since 

the endoscope has no moving velocity, the generalized active 

force caused by the contact force of the end effector is: 𝐹𝐶𝑖 =
𝐿𝐶𝑖𝜔𝐵(𝑟), where 𝐿𝐶𝑖 = 𝑚𝑖𝑔𝑙𝑖. 

In summary, the generalized active force of the position and 

pose adjustment mechanism is: 

 r J CiF F F   (32) 

According to Eq.18, the principal moment of inertia of the 

revolute pair A is: 𝐿𝐴
∗ = 𝐽𝑐1 = (𝑚1𝑅2 2⁄ ) + (𝑚2𝑙2 3⁄ ), with the 

principal moment of inertia of the revolute pair B being equal 

to 𝐿𝐵
∗ = 𝐽𝑐2 = 𝑚2𝑙2 3⁄ , where 𝑚1 is the mass of the shaft, 𝑅 is 

the radius of the shaft, 𝑚2 the mass of the endoscope, and 𝑙 the 
length of the endoscope. 

According to the above analysis, the generalized inertial 

force of the position and pose adjustment mechanism is: 

    
*  cir i i r

F J    (33) 

Finally, based on the Kane equation definition, the 

generalized active force and the generalized inertial force of the 

position and pose adjustment mechanism are substituted into 

(16), and the driving torque of the position and pose adjustment 

mechanism of the robot is obtained as follows: 

    4 1 14 4
  c CA B

J L     (34) 

    5 2 25 5
  c CB B

J L     (35) 

E. Kane dynamics equation 

By combining the above driving force and driving torque 

equation, the Kane dynamic equation of the single-incision 

laparoscopic surgical robot can be obtained by: 

 

 

 ' '

1 1 1 1    h hf M a u M g u   (36) 

 
   

     

2 1 2 1 2 1 111 1

1 12 1 2 11 1 1

     

        

L Cg H

C Lg g H

f m a V m a V J

J m g V m g V m g V





  

   
 

(37) 

 
   

     

3 2 3 2 3 2 212 2

2 22 2 2 22 2 2

     

       

L Cg H

C Lg g H

f m a V m a V J

J m g V m g V m g V





  

   
 

(38) 

    4 1 4 4
  c CA B

J L     (39) 

    5 2 5 5
  c CB B

J L     (40) 

V. KINEMATICS SIMULATION OF  

LAPAROSCOPIC SURGICAL ROBOT 

The displacement, velocity and acceleration of each active 

joint of the robot are known. Based on kinematics model and 

Jacobian matrix, numerical simulation is carried out by using 

MATLAB software. The displacement, velocity and 

acceleration of the endoscope end point in the basic coordinate 

system are calculated, so as to verify the correctness of 

kinematics equation.The values of each active joint of the SILS 

robot are set as follows: 

Initial position and termination position of 𝑞1𝑖 : 𝑞1𝑖 =
120 𝑚𝑚; 𝑞1𝑓 = 180 𝑚𝑚. 

Initial position and termination position of 𝑞2 : 𝑞2𝑖 =
120 𝑚𝑚; 𝑞2𝑓 = 180 𝑚𝑚. 

Initial position and termination position of 𝑞3 : 𝑞3𝑖 =
260 𝑚𝑚; 𝑞3𝑓 = 320 𝑚𝑚. 

Initial position and termination position of 𝑞4 : 𝑞4𝑖 = 0 ; 

𝑞4𝑓 = 30°. 

Initial position and termination position of 𝑞5 : 𝑞5𝑖 = 0 ; 

𝑞5𝑓 = 30°. 

Assuming that the motion parameters of the moving joint in 

each active joint of the robot are set as follows: 

𝑣
max

= 10 mm s⁄ , 𝑎
max

= 5 mm 𝑠2⁄ , 𝜔
max

= 4 rad s⁄ , and 

𝛼
max

= 2 rad 𝑠2⁄ . The motion simulation results of endoscope 

end point in workspace are shown in Figure 7. 

If the motion of the endoscope end point is known, the 

displacement, velocity and acceleration of each active joint of 

the robot can be deduced according to the kinematics model. 

The parameter values of the endoscope end point of the robot 

are set as follows: 

 Initial position and termination position of 𝑋𝐺 : 

𝑋𝐺𝑖 = 120 𝑚𝑚, 𝑋𝐺𝑓 = −37.91 𝑚𝑚. 

 Initial position and termination position of 𝑌𝐺 : 

𝑌𝐺𝑖 = 150 𝑚𝑚, 𝑌𝐺𝑓 = −402.2 𝑚𝑚. 
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Figure 7 The motion simulation of the endoscope endpoint 
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Figure 8 The motion simulation of the SILS robot's active joint 
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 Initial position and termination position of 𝑍𝐺 : 

𝑍𝐺𝑖 = −610 𝑚𝑚, 𝑍𝐺𝑓 = −436.4 𝑚𝑚. 

 Initial position and termination position of 𝜑: 

𝜑𝑖 = 0, 𝜑𝑓 = −49.8°. 

 Initial position and termination position of 𝜃: 

𝜃𝑖 = 0, 𝜃𝑓 = 35.71°. 

 Initial velocity, termination velocity, and acceleration of 𝑋𝐺 : 

𝑣𝑥𝑖 = −23 mm s⁄ , 𝑣𝑥𝑓 = −22.118 mm s⁄ , 𝑎𝑥 = 0.126 mm s2⁄ . 

 Initial velocity, termination velocity and acceleration of 𝑌𝐺 : 

𝑣𝑦𝑖 = 46 mm s⁄ , 𝑣𝑦𝑓 = 43.2 mm s⁄ , 𝑎𝑦 = 0.4 mm s2⁄ . 

 Initial velocity, termination velocity and acceleration of 𝑍𝐺 : 

𝑣𝑧𝑖 = 15 mm s⁄ , 𝑣𝑧𝑓 = 34.6 mm s⁄ , 𝑎𝑧 = 2.8 mm s2⁄ . 

 Initial velocity, termination velocity and acceleration of 𝜑: 

𝑣𝜑𝑖 = −0.192 rad s⁄ , 𝑣𝜑𝑓 = −0.0576 rad s⁄ , 

𝑎𝜑 = 0.0192 rad s2⁄ . 

 Initial velocity, termination velocity and acceleration of 𝜃: 

𝑣𝜃𝑖 = 0.096 rad s⁄ , 𝑣𝜃𝑓 = 0.0821 rad s⁄ , 

𝑎𝜃 = 0.002 rad s2⁄ . 

By substituting the set parameters into the inverse kinematics 

model, the motion of each active joint of the robot is obtained 

as shown in Figure 8. 

According to the simulation results of forward and inverse 

kinematics, when the active joint of the SILS robot is set as a 

uniformly accelerated motion, the motion parameters of the end 

effector are also a uniformly accelerated motion mode. At the 

same time, the motion parameters of the active joint calculated 

by the inverse kinematics model are in accordance with the 

initial motion parameters, which prove the correctness of the 

kinematic model of the SILS robot. 

VI. DYNAMICS SIMULATION OF  

LAPAROSCOPIC SURGICAL ROBOT 

In order to facilitate a numerical simulation analysis, the 

robot's motion time range is set to 0~15𝑠.The robot mechanism 

motion can be divided into two kinds of motion situations for 

dynamic numerical simulation: sequential motion and 

simultaneous motion. 

(1) Sequential motion of robot mechanism 

Within 0~5𝑠, the horizontal moving mechanism sliding table 

in the robot positioning mechanism performs a uniform 

acceleration motion in the horizontal direction, and the equation 

of motion is set for 𝑠 = 4.8𝑡2. Within 5𝑠~10𝑠, the upper and 

lower sliding blocks of the vertical moving mechanism in the 

robot positioning mechanism perform a uniform acceleration 

motion, and the equation of motion is set for 𝑠 = 4.8𝑡2. The 

sliding blocks drive the position and pose adjustment 

mechanism to move through the links. Within 10𝑠~15𝑠, the 

motor adjusts the final posture of the endoscope in the end 

effector in the position and pose adjustment mechanism. Within 

10𝑠~13𝑠, the motor in which the axis is collinear with the 𝑋-

axis in the position and pose adjustment mechanism accelerates 

and rotates with the equation of motion being 𝑠 = 12.89𝑡2 . 

Within 13𝑠~15𝑠, the motor in which the axis is collinear with 

the 𝑌 -axis in the position and pose adjustment mechanism 

accelerates and rotates with the equivalent motion equation 

being 𝑠 = 5.73𝑡2. When the robot mechanism moves in time 

series, the end of the endoscope forms four motion trajectories 

in space as follows: 

The first trajectory is a line segment whose motion trajectory 

equation is: 

 

24

0

0

x t

y

z







 




 (41) 

The second trajectory is an arc whose motion trajectory 

equation is: 
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The third trajectory is an arc whose motion trajectory 

equation is: 
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The fourth trajectory is an arc whose motion trajectory 

equation is: 
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 (44) 

Individual part mass is known, where the mass of the 

horizontal sliding table is 3.002 kg, the mass of the sliding block 

in the vertical moving mechanism is 0.162 kg, the mass of the 

first link is 0.052 kg, the mass of the second link is 0.033 kg,the 
mass of the position and pose adjustment frame is 0.012 kg, and 

the mass of the cross seat is 0.187 kg.The mass parameters of 

the relevant mechanisms were substituted into the dynamic 

equations, and the numerical diagram of the driving force 

(torque) of each mechanism of the robot sequential motion is 

shown in Figure 9 which was obtained by numerical analysis 

using MATLAB7.0 software. 
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Figure 9 Driving force (torque) numerical diagrams of 

mechanisms of robot sequential motion, including:  

(a) Horizontal moving mechanism driving force f1  

(b)Vertical moving mechanism driving force f2,  

(c)Vertical moving mechanism driving force f3,  

(d) Position and pose adjustment mechanism driving torque τ4,  

(e) Position and pose adjustment mechanism driving torque τ5 
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Figure 10 Driving force (torque) numerical diagram for 

mechanisms of robot simultaneous motion, including  

a) Horizontal moving mechanism driving forcef1,  

b)Vertical moving mechanism driving force f2,  

c)Vertical moving mechanism driving force f3,  

d) Position and pose adjustment mechanism driving torque τ4,  

e) Position and pose adjustment mechanism driving torque τ5 
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Figure 11 Simulation of driving force (torque) of robot 

mechanism in control group, including  

a) Horizontal moving mechanism driving force f1,  

b) Vertical moving mechanism driving force f2,  

c) Vertical movement mechanism driving force f3,  

d) Position and pose adjustment mechanism driving torqueτ4,  

e) Position and pose adjustment mechanism driving torqueτ5. 

 

 

 

 

 

 
Figure 12 Simulation of driving force (torque) of robot 

mechanism in control group, including  

a) Horizontal moving mechanism driving force f1,  

b) Vertical moving mechanism driving force f2,  

c) Vertical movement mechanism driving force f3,  

d) Position and pose adjustment mechanism driving torqueτ4,  

e) Position and pose adjustment mechanism driving torqueτ5. 
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(2) Simultaneous motion of robot mechanism 

Within 0~15𝑠, the horizontal moving mechanism and the 

vertical moving mechanism in the single-incision laparoscopic 

surgical robot perform the uniform acceleration linear motion, 

and the equation of motion is set for 𝑠 = 0.9375𝑡2 . During 

0~15𝑠 , the endoscopic position and pose adjustment 

mechanism of the single-incision laparoscopic surgical robot 

performs a uniform acceleration rotation motion described as 

𝑠 = 322.29𝑡2.The motion trajectory equation is: 
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According to the defined motion trajectory of the 

simultaneous motion of the robot mechanisms, a numerical 

simulation is carried out, with the numerical diagram of the 

driving force (torque) for each robot’s mechanism shown in 

Figure 10. 

A virtual prototype platform of the single-incision 

laparoscopic surgical robot is established, including all the 

necessary parameters and movement plans of the robot 

mechanism. The robot mechanisms can move in sequence, 

dividing the route of the endoscope movement into a series of 

independent movements. The time sequence of the movement 

of the robot mechanism is estimated by the amount of change 

in the analysis experiment, meaning that the moving time of the 

robot mechanism is a variable, while the movement distance 

and the angle parameter of the robot mechanism are taken as a 

reference. In the control group, each robot mechanism moves 

in a sequence. In the experimental group, robot mechanisms 

move at the same time. 

The movement duration of the single-incision laparoscopic 
robot is between 0~15𝑠 . By using the virtual simulation 

software ADAMS to set the time sequence movement, the 

simulation image of each driving force (torque) of the robot 

mechanism of the control group can be obtained, as shown in 

Figure 11. 

Based on the movement of the robot in the actual work, we 

accordingly change the movement plan of the mechanism. We 

set the movement time range of the robot to 0~15𝑠, and use the 

ADAMS virtual simulation software to set the movement of the 

robot. Each mechanism in the robot moves at the same time 

within this time range obtaining the simulation image of each 

driving force (torque) of the experimental group robot, as 

shown in Figure 12. 

According to the numerical simulation results of Figure 9 and 

Figure 10 and the virtual simulation results of Figure 11 and 

Figure 12, it can be noted that the theoretical calculation results 

are consistent with the virtual simulation results. Furthermore, 

the correctness of the robot dynamic simulation is verified, and 

the theoretical basis for the dynamic stiffness analysis of the 

robot is established. 

VII. DYNAMIC STIFFNESS ANALYSIS  

OF LAPAROSCOPIC SURGICAL ROBOT 

Through stiffness analysis, the stiffness performance of the 

robot in the operating space is evaluated [29]. Higher stiffness 

can ensure that the deformation of the robot is smaller in the 

working process [30]. Because the surgical robot is composed 

of many parts and components in different ways of connection 

and motion, the deformation of the robot is quite complex after 

being stressed, including elastic deformation, plastic 

deformation, gap and friction. However, by using the virtual 

work’s principles, the coupling relationship between the force 
Jacobian matrix and the velocity Jacobian matrix can be 

obtained, while the stiffness matrix of the mechanism can be 

established. Considering the external force acting on the 

mechanism, the dynamic stiffness matrix model of the 

conservation transformation of the single-incision laparoscopic 

robot mechanism is determined as follows: 
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 (46) 

In order to evaluate the distribution of the stiffness of the 

robot mechanisms in different position and posture, it is 

necessary to use the Rayleigh quotient of the stiffness matrix. 

The stiffness, which is defined as the ratio of the square of the 

external force vector module acting on the end effector of the 

mechanism to the square of its deformation vector module, is 

calculated as follows: 

  
2 2

F R X X   (47) 

where 𝛿𝑋  is the generalized joint pose variable and 𝐹  is the 

generalized joint moment. 

According to the above formula, the eigenvalues 𝜆𝑖  (𝑖 =

1, 2, ⋯ , 5) of the matrix 𝐾𝑑
𝑇  𝐾𝑑 have a certain relationship: 𝜆1 ≤

𝜆2 ≤ 𝜆3 ≤ 𝜆4 ≤ 𝜆5 , where for any possible non-zero 𝛿𝑋, there 

will be 𝜆1 ≤ 𝑅(𝛿𝑋) ≤ 𝜆5 . Therefore, after applying a certain 

load on the end effector, if √𝑅(𝛿𝑋) is larger, the deformation 𝛿𝑋 
of the mechanism will be smaller, indicating that the stiffness is 

higher. Therefore, the stiffness at each point can be evaluated 

according to the square root of the minimum eigenvalue of the 

matrix 𝐾𝑑
𝑇  𝐾𝑑, that is, the minimum singular value of the static 

stiffness matrix of the robot, allowing the overall evaluation of 

the stiffness performance. According to the above analysis, the 

maximum deformation is defined as follows: 

    1 2 5min , , ,S R X       (48) 

where 𝑆 is the maximum deformation and min(𝜆1, 𝜆2, ⋯ , 𝜆5) is 
the minimum eigenvalue of matrix 𝐾𝑑

𝑇  𝐾𝑑. 

With the relevant parameters in the stiffness model of the 

laparoscopic robot being selected, the effect of each joint 

variable on overall stiffness can be shown in Fig.13 and 14. 

According to the effect of the joint deformation on the 

maximum deformation distribution of overall stiffness, each 

joint variable introduce different effects in the overall stiffness. 

This is apparent in the simulation image of the maximum 
deformation of the mechanism under the above two modes of 

motion where the mechanisms under the sequential motion 
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present a large deformation in the early stage of the robot 

movement. As the various mechanisms of the robot complete 

the corresponding movement, a small deformation is apparent 

but proves that the mechanisms are suitable for the robot 

movement.The mechanisms under the simultaneous motion 

have a small deformation, which can ensure the dynamic 

stability of the robot mechanisms during the movement, thus 

the precise operation of the laparoscopic surgery can be 
ensured. 

S

 
Figure 13 Maximum deformation of sequential motion 

S

 
Figure 14 Maximum deformation of simultaneous motion 

VIII. CONCLUSIONS 

This paper proposed a 5-DOF-single-incision laparoscopic 

surgical robot with serial-hybrid mixing. The inverse 

kinematics equation and Jacobian matrix of the robot are 

derived by D-H method and geometric method with its dynamic 

equation determined by Kane method. Extensive numerical and 

virtual simulations of the robot kinematics and dynamics 

equation were carried out verifying the correctness of the 

established kinematics and dynamic model of the surgical 
robot, and establishing a theoretical basis for the performance 

optimization and dynamic control of the proposed surgical 

robot. Finally, the dynamic stiffness model is analyzed and 

evaluated and the evaluation index of the robot was also defined 

based on the dynamic model of the robot. 
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