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Abstract—In this paper, a static output feedback controller is
designed for a 150 mm fixed wing micro air vehicle (MAV). Due to
the strong coupling between the longitudinal and lateral dynamics, a
static output feedback (SOF) controller is designed using a combined
novel eight state dynamic model. The design is carried out in a digital
domain which helps in practical implementation of the proposed
controller. A blend of classical H,, robust control and evolutionary
algorithm (genetic algorithm) is used to obtain the static output
feedback gains. The proposed controller is also designed under a novel
twelve state integrated guidance and control framework.

Keywords— Micro air vehicles, static output feedback, integrated
guidance and control.

l. INTRODUCTION

air vehicles (MAV) have typical wing span of less than

300 mm and are used for short range surveillance
applications. Navigation and control of such vehicles are
difficult due to their small size and large disturbances as
compared to their inertial and control forces. For such vehicles,
the controller should be robust against disturbances and
uncertainties. Owing to the limited computational power
available in the onboard computer, the guidance and control
algorithm should be simple enough to be implemented.
Development of a fixed structure output feedback flight control
law by combining the flight qualities criterion with robustness
to structured and unstructured uncertainties in design
specification is explained in [1]. In references [2]-[5]
implement a static output feedback (SOF) control law for an
unmanned air vehicle where the H, loop shaping design
procedure is utilized and the controller is designed based on the
solution of a single Algebraic Riccati Equation (ARE) and two
algebraic matrix equations. Incorporation of multiobjective
constraints in a static output feedback formulation results in a
bilinear matrix inequality (BMI). BMI can be solved using the
hybrid approach of combining linear matrix inequalities (LMI)
with search methods like Salomon’s evolutionary gradient
search (EGS) method, as in [6]. A method of tuning robust
static output feedback (SOF) controllers in the presence of
multiple plant parametric uncertainties using Kharitonov’s
theorem and evolutionary algorithms is explained in [7]. H.,
static output feedback control is designed by combining
particle swarm optimization, differential evolution and linear
matrix inequalities (LMI) [8]. A single robust controller has to
satisfy the control system design requirements to avoid gain
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scheduling while keeping in mind a small flight envelope of
MAV. v-Gap metric analysis [9] is applied to identify the
nominal plant model for robust control design. A discrete time
H.. output feedback controller is designed for a thrust vectored
aircraft in [10]. Strengthened discrete optimal projection
equations are solved to obtain a fixed order H, controller for
stabilizing a micro air vehicle in [11]. A modified Iterative
Linear Matrix Inequality (ILMI) algorithm is used for the
lateral control of a 300 mm MAYV in [12].

In this paper, a novel approach to MAV control design is
proposed where the coupling between the longitudinal and
lateral dynamics is taken into account. Unlike in bigger aircraft,
the coupling between the longitudinal and lateral dynamics is
significant in MAVSs due to their low inertia and higher turning
rates. Section Il explains the coupling between longitudinal and
lateral dynamics of 150 mm MAV. A single controller is
designed for the entire flight envelope. So the controller should
be robust against change in operating conditions and
unmodelled dynamics. Section 111 deals with the control system
design specifications and the selection of nominal model for
control design. The controller is synthesized in a multivariable
framework unlike in a conventional successive loop closure
method where the entire control design is performed for each
single input single output (SISO) loop. H., control formulation
allows multivariable control design with the required
performance and robustness and is explained in SectionlV.
With the limited computational power available in the onboard
hardware of MAVS, fixed structure controller is a favorable
solution for practical implementation. A static output feedback
controller designed here meets the closed loop control system
specifications. In Section V, an algorithm for obtaining static
output feedback gain for the combined longitudinal and lateral
state space model is explained. This algorithm uses a
combination of LMI and genetic algorithm to obtain the gains
in discrete time domain. Section VI deals with integrated
guidance and control. Integrated guidance and control removes
the requirement of bandwidth separation between the guidance
loop and control loop as in separate guidance and control
system design. It also avoids the retuning of guidance loop to
maintain the stability of the combined system. Simulation
results are presented in Section VII.

Il. DYNAMIC MODEL oF KH2013A MAV

The MAV KH2013A is shown in Figure 1. It has a
rectangular wing of 150 mm span. KH2013A is a flying wing
MAYV, with modified E387 airfoil of thickness 25 %. It has two
winglets to improve lateral stability and also to reduce induced



drag. It has two control surfaces, elevator and rudder. Elevons
are not used since they induce a strong coupling between
rolling and pitching motions. The physical parameters of the
MAV are given in TABLE I. In TABLE 1, Jx, Jyy ,J;; are the
moment of inertia along the MAV body axis X, Y, Z
respectively and J,, is the product of inertia term. Nonlinear
dynamics of the MAV are given in (1) to (12) [13].

Figure 1 SOLIDWORKS model of KH2013A MA

TABLE |
Physical parameters of KH2013A

Planform | Rectangular
Airfoil | Modified E387
Weight | 44 grams
Velocity | 9-19 m/s
Reynolds number | 60000-130000
Chord | 0.11m
Span | 0.15m
Area | 0.0165 m?

Jy | 13.095 x 10°® kg-m?
J,y | 29.348 x 10°® kg-m?
J,, | 39.803 x 10°® kg-m?
Jyz | 1.905 x 10° kg-m?

In the non-linear equations of motion, (u, v, w) are the
component of the velocity of the MAV measured along the
body XYZ axis, (p, q, r) are the roll rate, pitch rate and yaw rate
respectively measured along the body XYZ axis. The triple (¢,
0, v) are the Euler angles and (X, y, z) are the position of the
MAYV in the inertial frame. (X,, Y, Z,) are the aerodynamic
forces and (L, M, N) represents the moments along the body
XYZ axis. Ty is the thrust input, g is the acceleration due to
gravity and m is the mass of the MAV. The positive inertial X
axis is towards north, positive inertial Y axis is towards east
and positive inertial Z axis is towards down as per the
convention used in flight dynamics [14]. In equations (1) to
(12), and subsequently, c@ represents cosé, s represents sing
and té represents tané.
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u=rv—qw—g59+%+% 1)
1'7=pw—ru—gs¢c9+% (2)
v'v=qu—pv+gcc,bct9+fn—“ 3)
p = tlpq - tqu + t3L + t4N (4)
G = tspr +ts(r2 —p?) + - (5)
]yy
T =t,pq —t1qr + t4L + tgN (6)
p=p+qsdtd +rcds ©)
0=qcep—rsp 8)
¥ = qs¢psech + rcg sech 9)
x = (cOcP)u+ (spsOc¥ — cps¥)v
+(cpsOc¥ + sps¥)w (10)
y = (cOsP)u + (spsOs¥ + cpc¥)
+(c¢psOs¥ — spc¥)w (12)
zZ = —(sO)u+ (spchw + (cpch)w (12)
where
I'= JxxJzz = JxzJxz (13)
t, = ]XZ(]XX_F]YY"']ZZ) (14)
t, = (]ZZ(]ZZ‘]I;Y)"‘]XZ]XZ) (15)
ty =42 (16)
t, =22 (17)
te = Jzz—Jxx (18)
Jyy
_Jxz
te = —= (19)
Jyy
t, = (]XX(]XX_]IICY)"']XZ]XZ) (20)
ty =22 (21)

The details of the static derivatives, dynamic derivatives and
control derivatives for the MAV can be found in [13]. For
MAVs, the coupling between the longitudinal and lateral
dynamics is strong due to its small rolling inertia and high turn
rates. The combined linear state space model can be obtained as

given in (22).

Xl(;‘ng Along Alonglat Xlong Blong 66
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i (23)
Xiqe = [0,0,7,¢]"
Xy Xuw Xy —gch
Z Z Z, —gsOco
A woswe 24
long Mu MW Mq 0 ( )
0 0 cp 0
[Y,, Y, Y, gclco
_|Lv Ly Ly 0 |
Alat - le Np Nr 0 J (25)
0 1 tOcp qtOcep—rtlsd
X, 0 v 0
|z, -v 0 —gcls¢
Atonglar = M, tsr—2tgp tsp + 2tgr 0 (26)
0 0 —s¢ —qs¢ —rce
Yo Y, 0 —gs0sd]
L, L, tip—tyr 0
Ajationg = N, N, tp—tr 0 (27)
qsp+rce
0 o0 t0s¢ 0
[XSe O X5Th]
Z 0 0
Biong =1 2% I 28
T IMs, 00 0 | =
Lo" 0 ol
[0 Ys, 0]
10 Ls 0]
B r 29
at = | Ns. 0 | (29)
lo o ol
39 - 0.216
® e
2388 | o024 e
B ke ®
> 20.212- .
< 38.6 g
g S o021 o« .
B384 .
;]_9)- deeeeoeee o0 ‘§°-208’ e °
2 7 .
© 382 | 0.206" °
3% 05 1 02% 05
yawrate (rad/sec) yawrate (rad/sec)

Figure 2 Short period mode for linear coupled (blue)
and decoupled model (red) for steady turning flight
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For an unmanned aircraft, the important steady flight
conditions are the straight and level flight, constant altitude turn
and turn with a constant climb rate. In all three flight conditions,
the airspeed is assumed to be constant. Coupling between the
longitudinal and lateral dynamics happens, in most likelihood,
in the turning flight or at high angle of attack flight condition
[15]. The nonlinear equations from (1) to (8) and (12) are
solved to obtain trim conditions corresponding to a steady turn
with constant altitude and steady turn with constant climb
condition. The airspeed is selected as 12 m/s and the turn rate is
varied from 0 rad/s to 0.8 rad/s. In Figure 2 and Figure 3, the
longitudinal modes for steady turn flight conditions for the
coupled and decoupled model are shown. Similarly, the lateral
modes are shown in Figure 4 and Figure 7. For steady turn with
climb conditions, the turn rate is held at 0.6 rad/s and the climb
rate is varied from 0 to 2 m/s. The longitudinal modes for
steady turn with climb flight conditions for the coupled and
decoupled model are shown in Figure 5 and Figure 8. In Figure 6
and Figure 9, the lateral modes are shown. From the Figure 2 to
Figure 9, the main inferences obtained are

1) Short period frequency and damping ratio is hardly affected
by the coupling terms.

2) The coupled model shows higher phugoid frequency and
lower damping ratio when compared to the decoupled
model.

3) Roll subsidence mode is nearly the same in both coupled and
uncoupled models.

4) Dutch roll mode is having higher frequency and lower
damping ratio for the coupled model when compared to the
decoupled model.

5) The spiral mode is mostly unstable for the coupled model
except at very low turn rates. Whereas for the decoupled
model, the spiral mode is always stable. This is due to the
impact of the coupling terms L, -q sing — r cosg and is more
prominent at higher turning rates where the value of is
higher.
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Figure 3 Phugoid mode for linear coupled (blue)
and decoupled model (red) for steady turning flight
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Figure 4 Dutch roll mode for linear coupled (blue)
and decoupled model (red) for steady turning flight
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Figure 7 Roll subsidence and spiral modes for linear coupled
(blue), and decoupled model (red) for steady turning flight
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Figure 8 Phugoid mode for linear coupled (blue) and
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For the plant at V,=12 m/s, turn rate of 0.6 rad/s and climb
rate of 1 m/s, the eigen values of the coupled and decoupled
model is given in TABLE Il and the coupling matrices Ajongiat
and Ajariong are given in (30) and (31).

0.2471 0 1.614 0
_1-0.079 -1.614 0 —6.258
Awonglat =10.0473 04098 —0.1116 0 (30)

0 0 —0.6699 —0.5713]
—-0.23 —0.147 0 —2.006]
_ | 55.29 10.30 —0.360 0
Awationg = | Z5531  _4155  0.0373 0 (31)
0 0 0.2148 0.6301
TABLE Il
Dynamic modes of the MAV for coupled and decoupled model
Dynamic modes Coupled model | Decoupled model
Short period mode 38.3 383
frequency, wg, (rad/s)
Short perlod _ mode 0.210 0.209
damping ratio, ¢,
Phugoid mode 514 0.847
frequency, oy (rad/s) ' '
Phugoid mode 0.591 0.786
damping ratio, gpn
Dutch roll mode
frequency, g, (rad/s) 530 526
Dutch roll mode
damping ratio, g 0.239 0.242
Roll subsidence mode -23.9 -23.8
Spiral mode 1.20(unstable) -0.101(stable)

From TABLE l1, it is evident that the coupled model shows
unstable spiral mode but the decoupled model is unable to
capture the unstable spiral mode. The reason for the unstable
spiral mode can be explained as follows. The characteristic
equation of the system given in (22) is

sl — Along - Alonglat

SI - Alat - (32)

_Alatlong
The eigen values are given by the roots of
|SI _Along ||51 _Alat | + A(Alonglat'Alatlong) =0 (33)

where A(Aiongiae Arationg) 18 a function of the coupling terms.
The magnitude of the L, term is higher when compared to other
terms in the coupling matrix A;q¢10ng given in (31). Retaining
only L, and -q sing — r cosp among the coupling terms, (33) can

be written as

ags® + a;s” + ags® + ass® + azst + azs®

+a,s? + a;st + ag + Aass®

+Aa,s? + Aa st + Aag =0 (34)
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where coefficients a, to ag are the functions of decoupled
matrices Ajong and A;q¢. The additional terms Aas, Aa,, Aa,

and Aa, appear due to the coupling terms L, -q-Sing — r-cosp
and are given by

Aa; = L, X,,(—gsing — rcosp)(—gsinbcosep)
Aa, = L,(—gsing — rcos¢) ((—gsindcosd)(—X, M,,
— (M4 +Y, + N,)X,,) + gcos6Z,M,,)

Aa; = Ly (—qsin — rcos¢) [ (Y, + N)( (—gsin9c0s¢))(Xqu
- XqMW) + (—gcos6)ZyM,,)
+ X,y (—gsinBcosp) (Y, N, — Y;-N,)]
Aao = (Y,N, = Y, N,)Ly (~gsing
—rcos$)[(gsinBcosd) (XM — X;M,,)
+ (—gcosQ)ZqMW]

In these coefficients, (Y,N, —Y,N,)L,(—gcos@)Z,M,, is
much higher than the other terms in the expression of Aa, , as
result of that Aa; > 0, Aa, > 0, Aa; > 0 and Agy, < 0. The
sum of the constant terms of the polynomial Aaq + a, is
negative resulting in a positive root of the polynomial. The
spiral mode is a function of N,,, N,.. The roll subsidence mode
is a function of L,,. From (35), we can see that Aa,, is a function
of N,,, N,., resulting in an unstable spiral mode. This motivates
the control system design of the MAV needs to be based on the
coupled model as against the conventional decoupled model.

(35)

I1l. CONTROL SYSTEM DESIGN SPECIFICATIONS AND THE
SELECTION OF NOMINAL MODEL

A. Control system design specifications

The control system design specifications for the piloted
aircraft are given by MIL-F-8785C standard [16]. It gives the
requirement of minimum damping ratios of phugoid, short
period and Dutch roll mode as 0.04, 0.35 and 0.19. Further, the
spiral mode can be unstable with a minimum time to double as
4 seconds. These damping ratios are unacceptable for micro air
vehicles, since they have higher natural frequencies when
compared to the piloted aircraft. Moreover, unstable spiral
mode will lead to mission failure if it is not stabilized by
feedback control. Since the phugoid mode is the slowest, a
minimum damping ratio of 0.40 is taken as the required value.
For achieving higher phugoid damping [17], velocity feedback
is required and the velocity measurements are not reliable in
these classes of vehicles due to low precision differential
pressure sensors. The minimum required closed loop damping
ratios for Dutch roll mode and short period mode are taken as
0.45 as they have higher natural frequencies when compared to
the phugoid mode. The closed loop spiral mode should be
stable unlike in piloted aircraft. For MAVS, wind speeds are
comparable to the flight velocity. So the closed loop system
should reject the wind disturbances within the system
bandwidth. Wind disturbances cause force as well as moment
changes in MAV. It changes the angle of attack and sideslip
angle and hence will affect the aerodynamic forces acting on
the MAV. Here the disturbance rejection problem is modeled as
a mixed sensitivity H,, optimization problem. The objective is
to minimize the H,, norm of the output and control effort when
the system is subject to wind disturbances.



B. Selection of the nominal model

The flight envelope of the MAV falls in the velocity range
9-19 m/s. The lack of accurate sensors to measure the flight
velocity and angle of attack makes gain scheduling difficult in
these classes of vehicles. So a single robust controller should
handle the parameter variations within the entire flight
envelope and plant model uncertainties. The selection of a
linear nominal state space model for control system design can
be done using p analysis technique or v- gap metric technique
[9]. 1 analysis identifies the worst case plant that is closer to
instability. But here the spiral mode is already unstable so
analysis cannot be used. Here v- gap metric is used to identify
the nominal model for the controller design. v- gap metric is a
norm that quantifies closeness of closed loop behavior of two
plants when subjected to the same feedback control. It can be
applied to unstable plants also. The v- gap metric of two plants
G; and G, can be defined as follows [18],

((1 +G,G3)7%%(Gy — G + G167,
5.(G1. G,) _{ ifdet(I + G;G,) # 0,Vw
v v»Y2) —

k 1, otherwise
(36)

In (36), det() denotes the determinant and G;" represents the
complex conjugate of G; and ® represents the frequency. The
value of v- gap metric of two plants lies between 0 and 1. If the
value of v- gap metric is closer to 0, then a single controller can
generate almost same closed loop behavior for both the plants.
If the value of v- gap metric is closer to 1, then the closed loop
behavior of the two plants will differ drastically in response to
the same controller. The v- gap metric can be computed using
the MATLAB command gapmetric.

TABLE 111
The v- gap metric value, Va = 9-19 m/s
Velocity (m/s) | MeMean v- gap metric
9 0.9605
10 0.9591
11 0.9864
12 0.7379
13 0.5646
14 0.5123
15 0.4913
16 0.4847
17 0.4928
18 0.5154
19 0.5528
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TABLE IV
The v- gap metric value for climbing flight
h (m/s) | Mean v- gap metric
0.0 0.0249
0.5 0.0175
1.0 0.0150
1.5 0.0175
2.0 0.0251

The v- gap metric is obtained for linearized plants at different
operating conditions, choosing one plant as nominal plant. The
mean v- gap metric value for linearized state space models
obtained for steady turn condition is shown in TABLE Ill. The
velocity is varied from 9 m/s to 19 m/s and the turn rate is fixed
as 0.6 rad/s. The turn rate of 0.6 rad/s corresponds to the worst
case spiral mode of 1.09 as in Figure 7. From the TABLE 111, the
smallest mean v- gap metric value is for the plant at V,=16 m/s.
The plant at V=16 m/s with a turn rate of 0.6 rad/s is further
analyzed for different climb rates varying from 0 m/s to 2 m/s
as shown in TABLE IV. Finally the plant at V,=16 m/s, turn
rate of 0.6 rad/s and a climb rate of 1 m/s is taken as the nominal
model and the state space model is given by

X =AX + BU
Y =CX

where X = [Xjong Xlat]T, B = [Bion, Blat]T are as given in
22).

U=[6,6,6r, 1", andY=[a; @, §q @ p 7|7
Along Alonglat
Alatlong Alat
where
—1.6008 1.0090 —1.8248 —9.6677
A4 _|—03625 -73539 156104 -1.1383
tong 19.11 —158.34 —15.238 0
0 0 0.6838 0
0.3405 0 -0.6 0
2 _|0.0384 06 0 —7.0544
longlat = 10,0155 0.3812 —0.0402 0
0 0 —0.7297 0.5913
—0.3378  —0.094 0 —1.215
y _| 4973 5871  —0.337 0
latlong -6.363 —0.7512 0.0061 0
0 0 0.1256 0.6088
—3.5439 1.7538 —15.493 6.6106
A _|—41285 -2948 27.502 0
lat 24534 —4.79 —30.038 0
0 1 0.1177 0



- 5.16 0 0.1977
-70 0 0
—6850 0 0
0 0 0
B= 0 38.7 0
0 12838 0
0 -29824 0
0 0 0
04 18 96 -04 0 —-06 O
-158 1.1
0 1 0 0 0 0

-0.1 0.6 0 7.1 ]I

0
158 —6.6
0 0 0 0 0 1 0 0
l 0 0 0 0 0 0 1 J

The short period, phugoid and other modes of the nominal
coupled plant at V, =16 m/s, turn rate of 0.6 rad/s and a climb
rate of 1 m/s are given in TABLE V.

TABLE V
Dynamic modes of the MAV for the nominal model
Dynamic modes Open loop
Short period mode frequency, mg, (rad/s) 51.2
Short period mode damping ratio, ¢, 0.221
Phugoid mode frequency, g (rad/s) 2.15
Phugoid mode damping ratio, ¢p, 0.663
Dutch roll mode frequency, wg, (rad/s) 69.0
Dutch roll mode damping ratio, gq, 0.215
Roll subsidence mode -33.2
Spiral mode 1.13 (unstable)

We can see that the short period and Dutch roll damping ratio is
poor and the spiral mode is unstable.

IV. H, CONTROL FORMULATION

Mixed sensitivity H,, control is used when sensitivity
function (S) is shaped along with complementary sensitivity
function (T) or transfer function like KS [19]. Here we have a
regulation problem in which, the objective is to reject the wind
disturbance while using a minimum actuator effort. S is the
transfer function between the output and disturbance input and
KS is the transfer function between the control input and
disturbance input. The control design objective is to find a static
output feedback gain u, = Ky such that the norm

wiS ||

W,KS (37)

Tollon = |

is minimized. The sensitivity function (S) should be minimized
at lower frequencies to reject disturbances affecting the plant.
The weight Wy(s) is taken as low pass filter to minimize S at
lower frequencies and W(s) is taken as high pass filter to limit
the control effort at higher frequencies. The block diagram of
the mixed sensitivity H,, control problem is given in Figure 10.
Here w = wy is the disturbance input, u. is the control input,
z=[z4, z,] is the performance output , y is the measured variable,
Gy is the plant transfer function and G is the disturbance
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transfer function. After augmenting the nominal plant with the
weighting transfer functions, the state space equation of the
generalized plant is given by
X = Ax + Bu, + B,,w,
Zl = Clx + Dlluc + D12Wd

(38)
Z2 = sz + D21uc + Dzsz
y=Cx
where
x €R™, y€ RPI, u. € R™9,
w,; € R% z, € R%9,z, € R?29
and
w,, 0O 0 0 0 0
0 w, 0 0 0 0 l
0 0 ws 0 0 0
M=o o 0 w, 0 o]
0 0 0 0 ws 0 J
[0 0 0 0 0 wy
W,y 0 0
W2 = 0 W22 0 l
[ 0 0 wy,

Here ng is the order of the generalized plant, py is the number
of measurements, mg is the number of control inputs, dg is the
number of disturbance inputs, z,4 is the number of performance
output z; and z,4 is the number of performance output z,. From
(38),

y(s) = C[sI — A]"*Bu, + C[sI — A]"1B,w, (39)
From figure 10,
y(s) = Gpuc + Gawy (40)
From (39) and (40),
G, = C[s] — A]™'B
» =Cl ] 41)
G, = C[sI — A]"'B,
WiG, K[l — G,K] G
- da
ITowlles = || 17 i~ (42)
WoK[I — G,K| Gy
- W, o 2
W, i
~ G 4\‘ N
+
¥ Gp > —
u, Y+
r=>0
K e

Figure 10 Block diagram of mixed sensitivity Hoo control problem



V. DISCRETE STATIC OUTPUT FEEDBACK CONTROL

For the ease of practical implementation and to handle
sampling inaccuracies and quantization effects, the controller is
designed directly in the digital domain. The discrete time
representation for the generalized plant given in (38) is written
as

x(k +1) = Ax(k) + Bu.(k) + B,w,(k)

7y (k) = Cyx(k) + Dyquc(k) + Dipwg (k)

Zy(k) = Cox(k) + Dyqyuc (k) + Dypwy (k)
y(k) = Cx(k)

To stabilize the plant in (43) with a controller u(k) =
Ky(k), the Lyapunov condition [20] is

3P > 0,5 (A+ BKC)TP(A+ BKC)— P < 0

(43)

(44)

For placing the poles inside a circle of radius A where 1 < 1
and A2 = p, the Lyapunov equation can be modified as [20],

(A+BKC)TP(A+BKC)—uP <0 (45)

Lemma [21]: The Lyapunov equation ATPA — P < 0 can be
written as

P ATXT
XA —P+X+XT

where X is any symmetric matrix. Using the above result, (45)
can be written as

] >0 (46)

uP  (A+BKC)TXT S0 “7)
X(A+BKC)-P+X+XT

[ —uP —(A+BKCO)TXT ] 0 (48)
—X(A+BKC) P—X—XT

The Bilinear Matrix Inequality (BMI) in (45) is transformed
into a Linear Matrix Inequality (LMI) for a fixed value of X.
The variable X is obtained using genetic algorithm (GA). GAis
an evolutionary algorithm that uses probabilistic search
techniques to minimize a performance index. The algorithm for
obtaining the static output feedback gain is given below
1) Choose X as the decision variable for the genetic algorithm.

The performance index (PI) can be formulated based on the
closed loop damping requirements and || 2w || oo

IF A+BKC is not stable, then Pl = 10000 (a very high value),

ELSEIF closed loop poles damping ratio < required damping ratio,
then PI = 5000,

Else Pl = || T |l oo,

END

2) For an initial X given by the genetic algorithm, solve the
LMl in (48) to obtain P and K

3) Obtain the closed loop matrix A+BKC and evaluate the Pl as
given in step 1.

4) Run the GA until a satisfactory solution is obtained.
Here, more penalty is given in the performance index for
violating the closed loop stability requirements, since the
open loop plant is unstable.
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VI. INTEGRATED GUIDANCE AND CONTROL

In conventional guidance and control, three separate
navigation, guidance, and control loops are designed in a
hierarchical way. In integrated guidance and control, there are
no separate loops and hence spectral separation between the
inner loop and outer loop is not needed. The control input is
generated such that vehicle moves from one waypoint to
another with robustly maintaining the stability of the vehicle.
Here the path connecting the waypoints is broken into discrete
points along the path and each point one by one is tracked by
the IGC algorithm.

Here the sensor output of the MAV and reference path is
used by the IGC algorithm to generate the control input. The
system input takes a form of U = F;(X) + G;(d), where d is the
miss distance vector and is computed in a single step. The
output of the MAV are the accelerometer output ay,ay,a,, gyro
output p,q,r, air speed V,, GPS output X,y,z and heading ¥. The
miss distance vector can be obtained using the current MAV
position, velocity vector and the next point in the path to be
followed. The control inputs are the elevator, rudder and
throttle. The variables d,, d; are the projection of miss distance
vector in MAV pitch plane and yaw plane respectively. The
variables d,, d, are the derivatives of d, d; respectively. The
objective is to maintain a near constant air speed and to drive
the miss distance to zero. The miss distance variables are
linearized and added to the state space equation given in (22) to
form a twelve state model. The linear state space model of IGC
is given by

XI = AIXI + BIU[

Y, = CX; “9

Xi=la w qg 6 dg & v p 7 ¢ dy 4,1
where, U; = [ 6, 8, 87, 17 and

V=& & @ &V & pF & (50)

For the nominal plant model at V,=16 m/s, turn rate of 0.6
rad/s and a climb rate of 1 m/s, the open loop poles are given in
TABLE VI.

TABLE VI
Dynamic modes of twelve state IGC model
Dynamic modes Open loop
Short period mode frequency, ®s, (rad/s) 51.2
Short period mode damping ratio, ¢, 0.221
Phugoid mode frequency, wp, (rad/s) 2.15
Phugoid mode damping ratio, gy 0.663
Dutch roll mode frequency, wg, (rad/s) 69.0
Dutch roll mode damping ratio, ¢ 0.215
Roll subsidence mode -33.2
Spiral mode 1.13 (unstable)

Poles corresponding to dy, d,, d5 d, 0,0,0,0




The miss distance variables dy, d,, d; d,, adds integrator to
the model. The miss distance variables can be obtained as
follows.

Va

(Xa2,¥a2,Za2)

N

(Xalyyal,zal) i
X

Q.

Figure 11 Diagram showing the miss distance

Let the unit vector along current velocity vector of the MAV
be (cosWcosy, sinPcosy, siny), where ¥ is the heading angle
and vy is the flight path angle of the MAV. In Figure 11, V, is the
magnitude of the current velocity vector of the MAV,
(Xa1,Ya1,Za1) is the current position of the MAV, (Xa2,Ya2,Z22) 1S
the next point where MAV has to reach, R is the distance
vector, a; is the applied acceleration , X’Y’ is the axis of the
plane defined by the velocity vector and R. The angle between
the velocity vector and R is 1. The miss distance vector d is the
vector perpendicular to the velocity vector drawn from the
vector R at (Xa,Ya2Za2). The applied acceleration a. is
proportional to the miss distance d and is applied perpendicular

to the velocity vector. The miss distance d can be obtained as
d =Rsint (51)

where

R = \/(xal - xaz)z + (yal - J’az)z + (Zal - Zaz)z

In Figure 12, XZ is the pitch plane of the MAV, Xg denotes
the body X axis, a is the angle of attack, y is the flight path
angle and V,y is the acceleration perpendicular to the velocity
vector in the pitch plane. Let the unit vector along the applied
acceleration vector ac be (ami, bmi, Cmi)- The acceleration
component in the MAV pitch plane and yaw plane are
approximated as the second derivative of the miss distance. The
angle made by the acceleration vector with the X axis in the
pitch plane is given by

- Cm1
Ya1 = tan H —=r— (52)
| am1%+bmy®
dl = _aCSinyal (53)
acSinyal = V;l]./COS}/ (54)
Let d; = d,, then from (52) to (54),
d, = —Vaycosy (55)
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In Figure 13, XY is the yaw plane of the MAV, Xg denotes
the body X axis, B is the sideslip angle, ¥ is the yaw angle and
V(¥ + B) is the acceleration perpendicular to the velocity
vector in the yaw plane. The angle made by the acceleration
vector a, with the X axis in the yaw plane is given by

— tqn—1 (Pm1
Y, = tan (am) (56)
d2 = —Qa;COSYq1 (57)
a,cosy 1cos¥,; = Va(‘i’ + B)sin(W + B) — V,ysiny
(58)
a.cosyqsin¥yy = =V, (¥ + f)cos(¥ + B) (59)
Let

d; =d, and ¥ + B = 2, then from (56) to (59),

d, = -V, \/,12 — 2y Asinysind + (ysiny)? (60)

The applied acceleration a is parallel to the miss distance d,
(61)

The objective is to achieve zero miss distance, so as to track
the desired reference path. Zero miss distance implies that
either the MAV has reached the desired waypoint or the
velocity vector of the MAV is pointing towards the desired
waypoint. The basic block diagram of IGC is given in Figure
14. Further details of integrated guidance and control can be
found in [22].

d, = d siny, and d, = d cosyy,

Z

A S 5

Figure 12 Acceleration component in the MAYV pitch plane
A.CO81 41 COS8Y g1

V(v + B)

eCOSY a1

.
Figure 13 Acceleration component in the MAV yaw plane
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Figure 14 Basic block diagram of IGC

VII. SIMULATION RESULTS

The weighting function Wy(s) is used to minimize the
sensitivity over the frequency band where the disturbances are
prominent [19]. So W(s) is taken as low pass filter to reject low
frequency disturbances. The weighing function Wy(s)
minimizes the control effort at high frequencies. The weighing
function W,(s) is taken as a high pass filter with cutoff
frequency as a function of actuator amplitude and rate
saturation [23]. The range for control actuation are [-35°+15°]
for the elevator deflection, [-25°,+25°] for the rudder deflection
and 0-12000 rpm for the BLDC motor-propeller system. The
actuator is modeled as a second order system with a natural
frequency of 48.6 rad/s and a damping ratio of 0.74. The poles
of the weights are taken based on the open loop dynamic modes
of the plant. For the weights

1 1 1 1 1 >
s+50’s+50°s+50°s+70’s+35’s+ 70

W;(s) = diag(

and

01s+1 0.1s+1 0.1s+1)
s+50° s+70° s+50

The controller gain matrix is given in (62).

—0.053—-0.0169—-0.2642—0.0036 0.0046 0.0524
0.0010 0.0171 0.2713 0.0032 —0.0046—0.0542| (62)
0.2053 16.971 2299 -11.06 11.70 -13.51

The closed loop natural frequencies and damping ratios are
given in TABLE VII. The sampling frequency used is 50 Hz.
We can see that the closed loop damping ratio has been
improved for short period and Dutch roll mode and more
importantly, the spiral mode has been stabilized. Wind
disturbances cause force as well as moments in MAV. It
changes the angle of attack and sideslip angle and hence will
affect the aerodynamic forces acting on the MAV. In state
space model, u is replaced by u+uy, Vv is replaced by v+v,,, and
w is replaced by w+w,,. For the vector of angular velocities, p is
influenced by the wind most and hence p is replaced by p+py
[24]. A sinusoidal disturbance of frequency 80 rad/s and 65
rad/s corresponding to the closed loop Dutch roll and short
period frequency has been applied to the open loop linear plant
and the closed loop linear plant.

W, (s) = diag (

K=
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The responses are given from Figure 15 to Figure 20. The red
curve represents the open loop system and the blue curve
represents the closed loop system. We can see that the closed
loop plant is attenuating the disturbance whereas the open loop
plant is diverted to instability due to unstable spiral mode.
Similar methodology has been adopted for the control design in
IGC framework. The weighting function W(s) is taken as low
pass transfer function to minimize the sensitivity.

TABLE VII
Closed loop dynamic modes of the MAV
Dynamic modes Closed loop

Short period mode frequency, ®g, (rad/s) 65.3
Short period mode damping ratio, ¢, 0.47
Phugoid mode frequency, g (rad/s) 0.73
Phugoid mode damping ratio, ¢p, 0.85
Dutch roll mode frequency, wg, (rad/s) 80.4
Dutch roll mode damping ratio, g 0.45
Roll subsidence mode -23.7
Spiral mode -14.1

The miss distance variables dy, d, d; d, add poles at the
origin. This makes the overall response of the system sluggish.
So the weighting functions of control effort W,(s) are modified
to enhance the transient response. The weights are given by

1 1 1 1 1
W =d‘( , , , , , ,
1(8) = diag | =5 S 56" 55 5075 £ 50°5 7 100°5 £ 70
1 1 1 )
s+35’s+70’s + 100

and

b

W, (s) = diag (0-1<s +1) 04(s+1) 0.02(s + 5))

s+5 ° s+6 s+6

The closed loop poles obtained are given in TABLE V111 for
the controller gain matrix given in (63). The miss distance in
the pitch plane and yaw plane for the closed loop system for an
initial value of 5 m and 4 m are given in Figure 21 and Figure 22
respectively.

- 0.013 —-0.0104 —2.02
—-0.109  0.067 10.12
-1.76 1.08 164.4
0.0034 -0.011 -2.34
K; ={0.0002 -0.0002 0.34 | (63)
-0.12 0.073 -0.11
-0.22 0.14 20.4
1.85 -1.17 —175.2
.—0.002 -0.002 —0.33
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TABLE VIII
Closed loop dynamic modes of IGC model
Dynamic modes Closed loop
Short period mode frequency,
67.2
Oy (rad/s)
Short period mode damping ratio, 0.44
Gsp
Phugoid mode frequency,
1.72
opn (rad/s)
Phugoid mode damping ratio, 0.73
Sph
Dutch roll mode frequency,
91.8
wqr (rad/s)
Dutch roll mode damping ratio, 0.42
Cdr
Roll subsidence mode -27.8
Spiral mode -451
Poles corresponding to dy, d3,ds d,, | -0.35,-0.09, -0.11, -1.9

A% S = o
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‘
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Figure 21 Miss distance in the pitch plane for IGC closed loop
system
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Figure 22 Miss distance in the yaw plane for IGC closed loop
system
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VIIl. CONCLUSIONS

In this paper, the strong coupling between the longitudinal
and lateral dynamics of a 150 mm MAYV is addressed. It is
shown that the combined longitudinal and lateral model can
capture the unstable spiral dynamics. The v- gap analysis is
used to obtain the nominal plant for control system design from
a set of unstable plants. A discrete static output feedback
controller is designed using LMI and genetic algorithm. The
resulting controller stabilizes the spiral mode and provides
good short period and Dutch roll damping. The simulation
results show that the mixed H,, control formulation provides
good disturbance rejection. The controller design is also done
for a novel twelve-state integrated guidance and control
framework.
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