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Abstract—In recent years, a large number of small-size
helicopters are used for some industrial works. In this study, we focus
on vibration control for a small-size helicopter with a slung load
system. We employed delayed feedback control to suppress vibration
of the load by measuring its cable angle. We verified the effectiveness
of the vibration control method by real flight tests. As for the controller
design, it is difficult to determine the delayed feedback parameters
because delayed feedback control is one of the nonlinear control
methods. We demonstrate a way to design the controller considering
the rotational and the translational dynamics and the system
parameters required for the design were identified by the frequency
response test. To simplify the subject, we built a simple planar model
like a double pendulum and the delayed feedback controller was
designed by root locus of the system. The optimum delayed feedback
control parameters derived theoretically are nearly identical to the
parameter determined by trial-and-error in the experiment.

Keywords—small-size helicopter, delayed feedback control,
vibration control, system identification.

l. INTRODUCTION

Vibration control methods for a small-size helicopter with a
slung load system are important for achieving a secure and
convenient transport. A small-size helicopter has several
characteristics. The motion is fast and sensitive in comparison
with normal large-scale helicopters and tends to be unstable to
disturbances because mass of the fuselage is relatively light. To
achieve a secure transport, the control system needs to suppress
the vibration of the slung load to minimize extraneous
disturbance factors. In this paper, we focus on the vibration
control method for a small-size helicopter with slung load
system during hovering, and discuss the strategy to design the
controller.

A. Related work

During the 1960s and 1970s some papers dealing with heavy
lift helicopters were published. To our knowledge, the first
theoretical report of the system was described by Lucassen and
Sterk [1]. The early investigation reported by Dukes
demonstrated the stability analysis of the system during
hovering and slow speed flight based on a simple model which
has three degrees of freedom [2-3]. Some studies investigated
high speed flights considering the aerodynamics acting on the
load. Poll and Cromack demonstrated that the helicopter slung
load system in high speed flight tends to be stable with long
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cable and heavy load [4]. Cicolani et al. reported the air flow
dynamics acting on a slung load [5]. As a study dealing with the
identification for the helicopter slung load system, Sahai et al.
implemented the frequency response test and analyzed the data
based on the flight software (CIFER) [6].

To suppress the vibration of the slung load, a number of
studies have been made to add the damping effect to the slung
load by feedback control. Ivler et al. investigated the optimum
feedback parameter of cable angle/rate feedback to actualize the
vibration control of the load and the attitude control of a
helicopter simultaneously by solving a fundamental trade-off
problem between load damping and piloted handling qualities
[7]. Furthermore, they demonstrated the switching control
between the cable angle feedback and the simple fuselage
feedback to improve piloted handling qualities [8]. Oktay and
Sultan built a model composed of 32 equations and considered
airflow dynamics. They applied modern control theory to the
system for energy efficiency and safety flight [9].

Up till now relatively few studies have been reported on
systems carrying a load by using small-size helicopters. Bernard
et al. demonstrated a transportation method to carry a heavy
load by using multiple small-size helicopters [10]. The study has
focused on tension control of the cables connecting the load to
several helicopters, however, it does not mention about the
vibration control of the load. The vibration control method was
reported by Bissgard et al. who applied delayed feedback
control to the system [11]. Position and velocity of the load were
estimated by using unscented Kalman filter from the data
measured by a vision sensor and an inertial measurement unit
(IMU) [12]. Additionally, they made an analytical model for the
constrained system by applying Udwadia-Kalaba method [13].
In a cruising situation, a few studies tried to apply the input
shaping technique to achieve the small vibration transport of the
slung load [14-15].

B. Summary of this study

The purpose of this study is to develop a simple and practical
vibration control method for a helicopter with slung load system
based on the delayed feedback control, and to establish a way to
design the controller considering the rotational and translational
dynamics of the helicopter. Our control strategy divides the
control system into the attitude control of the helicopter
(inner-loop) and the vibration control of the slung load
(outer-loop). The attitude of the small-size helicopter is
generally controlled by the classic control system theory such as
the proportional-derivative feedback control in terms of roll and
pitch dynamics. In this paper, the position of the helicopter and
the vibration of the load is controlled by the reference angles of
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the attitude control. For the vibration damping, the reference
angles are determined only by lateral and longitudinal angles of
the cable connected to the load based on the delayed feedback
control theory, so that the method does not need the information
of angular velocity of the cable. The method enables us to
achieving vibration control by using a low-priced instrument
measuring the cable angle.

The problem of the present control method is that it is
difficult to design the controller due to its nonlinear
characteristic. We built a simple planar model concentrating on
longitudinal or lateral dynamics to simplify the controller design
problem. Since the accurate system parameters including the
dead time are required for the controller design, we
implemented frequency response tests to identify them in terms
of the rotational and the translational dynamics, respectively.
Consequently, we designed the delayed feedback controller by
the root locus.

In past studies dealing with small-size helicopter slung load
systems, Bisgaard et al. systematically summarized the
vibration control method, the state estimation, and the controller
design [11-14] as mentioned above. Compared to their studies,
we tried to add the vibration damping by using a simple low-cost
angle measuring instrument. The present control method
consists of just a cable angle feedback control, so that it does not
need any estimators and filters for the slung load. In addition, we
designed the delayed feedback controller considering not only
the rotational dynamics, but also the translational dynamics. We
tried to derive the delayed feedback parameters to achieve the
attitude control of the helicopter and the vibration control of the
load simultaneously.

To verify the effectiveness of the present vibration control
method, we implemented flight tests with a small-size helicopter
with slung load system. Then, the delayed feedback control
parameters were determined by trial-and-error as a first step.
After the flight test, we tried to theoretically design the delayed
feedback controller. The validation of the design strategy was
confirmed by comparing the parameters of the optimum control
with the parameters derived from trial-and-error in the flight
tests.

Il.  VIBRATION CONTROL METHOD

A. Coordinate of control subject

The control subject is composed of a helicopter and a slung load
connected by a cable. We regard the helicopter as a rigid body
and the slung load as a point mass. The position of the load is
expressed by the cable angles on lateral (x, - z,) and
longitudinal (y, - x,) plane of the helicopter. The schematic is
shown in Figure 1. The attitude of the helicopter is expressed
by ¢, ¢, and @, which correspond to roll, pitch and yaw angles,
respectively. The cable angles of the slung load are defined as
6 and 6.

B. Vibration control method

This paper assumes that the classic control system theory is
applied to the subject because sensing system of small-size
helicopters is used to be composed of popular prices sensor and
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the control theory enables us to adjust control parameters easily
in the system. The control system is generally regarded as four
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Figure 1 Schematic view of a helicopter with a slung load system
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Figure 2 Block diagram of the presented control system

single input and single output (SISO) systems of roll, pitch,
yaw and vertical dynamics. Cyclic pitch of the flapping angle
generates torque for the rotational dynamics of the helicopter.
When the attitude of helicopter is controlled by proportional
and derivative feedback control, the reference angles are added
to the system as the outer-loop. Therefore each control input for
roll and pitch dynamics is given by

u, =_kdr¢2r _kpr (¢r _ar)
up, = _kdp¢p _kpp (¢p _513)

where u,, U, are the control input for cyclic pitch, and ¢, ¢, are
angles of the helicopter. Subscripts r and p mean roll and pitch
respectively. Feedback parameters k, ky were determined by
trial-and-error in flight tests without slung load. In the system,

(Roll)

_ €
(Pitch)

;Zr : ¢7p are the reference angles which are composed of the
reference angle for the position control of the helicopter and

that for the vibration control of the slung load as follows:

b =+

P =&+ @



where gZX , 5y are the reference angles for the position control

and ¢, , &ep are that for the vibration control.

The reference inputs for the position control are given by
proportional and derivative feedback control as follows:

B =K pdX(t = 74) ~X}-K g X(t - 7,) -
gy =-K py{y(t _Tg)_y}_K dyy(t _Tg)l
where Ky, Kg, Kpy and Kgy, are the feedback gains of the
position control and X,y are the references for the position

control. Dead time z, means the time lag of GPS measurement,
which should be more than 0.5 sec in general.

We employed the delayed feedback control for the vibration
control of the load. The reason is that it is hard to estimate state
variables of the whole system containing the load without IMU
or vision sensor because the system is a constrained system.
The delayed feedback control is simple and effective to
suppress the vibration by cable angle feedback. In this study,
two angles of the slung load can be measured by a simple angle
measuring device with two potentiometers. Consequently, the
reference angles are given by

Py =Gy (t —74), ¢6p = deep(t - Z—dp) ' 4
where 7, 74, are the fixed time intervals and Ggy,, Gy, are the
feedback gains. The control enables us to control the vibration
the slung load and the position of the helicopter simultaneously.

Over all, a block diagram of the control for roll and pitch
dynamics is shown in Figure 2. In inner-loop, the attitude of
the helicopter is controlled directly by proportional and
derivative feedback control. In outer-loop, the position control
of the helicopter and the vibration control of the load are
superposed on the attitude control through the reference angles.
While control design parameters of the attitude control and the
position control of the helicopter were determined by
trial-and-error testing in advance, those of the vibration control
(7r %p, Ggr and Ggp) should be determined theoretically
because the flight test with slung load is accompanied with
some risk.

I1l. EXPERIMENT FOR VERIFICATION

A. Helicopter for flight test

Align T-Rex600CF shown in Figure 3 was used for our
flight tests. The helicopter is attached with a heading reference
system  (Microstrain ~ 3DM-GX3-25), GPS (Garmin
GPS18x-5Hz), and a pressure sensor (VTI Technologies
SCP1000). As mentioned above, the helicopter is controlled by
the single-input-single-output proportional derivative feedback
control system in terms of roll, pitch, yaw, and heave motion.
Cycle time of the system is 50 ms [16].

For the flight test, a load and a device for measuring angles
of the slung load shown in Figure 4 are added to the helicopter.
The cable angles can be measured by the device with two
potentiometers. The helicopter with measuring apparatuses has
a weight of 6.06 kg and the load has a weight of 0.73 kg. The
load is connected to the helicopter by a cable whose length is
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adjustable from 0.1 to 4.6 m. We fixed the cable length to 3.0 m
in this study.

B. Experimental result

We verified the effectiveness of the present control method
experimentally. Feedback parameters are set as follows: kg, =
Kap = 17.0, Kor = kpp = 1031, Kgr = Kgp = 0.0105, Ky = Kyp =
0.0785, Gy, = Ggp = 0.022, 74 =0.6, 74, = 0.8. These parameters
were determined experimentally by trial-and-error when the
cable length was fixed at 3.0 m and they are near-optimum
parameters in our equipment. To secure the safety of
experiments, we assigned a limit to the amplitude of the

reference angles q?r , ¢7p within 20 degrees. This test was

implemented during hovering. The first step in the test is to
intentionally cause vibration of the load. Afterwards the
vibration control was activated.

Figure 4 Angle measuring device with two potentiometer

The result is shown in Figure 5. The vibration control was
activated at about 4 sec in this test. The result demonstrates that
the amplitude of the slung load was gradually attenuated with
keeping the helicopter hover. The nature of the present control
method is to converge slowly but surely. Although the details of
the experimental results in increasing G4 are omitted here for
brevity, the vibration of the slung load was suppressed faster
and the helicopter did not keep the hovering position when Gy
were set relatively high.

This method has a strong point that it does not need any
filters or state estimators for the dynamics of the load. However,
one limitation of this method is that it is difficult to design the
delayed feedback controller. The rest of the paper is devoted to
how to design the delayed feedback control parameters.
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IV. MODELLING AND SYSTEM IDENTIFICATION

A. Definition of the helicopter model

To design the delayed feedback controller, we defined a
helicopter model and identified the system parameters. In
general, a helicopter can fly without knowing the system
parameters because the feedback parameters are tuned by a user
or an auto-tuned system. However, the system parameters are
required when we try to design the delayed feedback controller
by using an analytical model. First of all, we defined a
helicopter model by referring to Yamaha R-50 modelling
reported by Mettler et al. [17].

The equations of motion of the translational and the
rotational dynamics in roll/lateral and in pitch/longitudinal are
given by

X+CX = yxh, y+cyy:7y¢p ()

b =Gaa, é =G 6)
Where subscripts a and b mean the lateral and longitudinal

rotor flap angles and c,, c,, %, %, G, and G, are the system

parameters. The lateral and longitudinal flapping dynamics of
the main rotor are given by

Ta=-a-T4 +ou, (t—7,)

T.b=-b-Tyd +pu,(t—7,)
where T,, T,, a and g are the system parameters. The control
inputs u,, u, have time lags 7, 7, due to the dead time of the DC
servo motors.

From Egs. (6) and (7), we obtain the transfer functions

between the control inputs and the roll and pitch angles of the
helicopter as follows:
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Figure 6 Sweep input for identification of the rotational dynamics

From Equations (5), the transfer functions between the
roll/pitch angle and the position of the helicopter are derived as
follows:
X e Y _ne
s“+¢s’

—7gS

» s+cs @

9)
p

Additional exponential elements in Equation (9) result from
the time lag of the GPS measurement. By fitting the result of
frequency response tests to the transfer functions in frequency
domain, we can obtain the system parameters in Egs. (5) — (7).
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B. Frequency response test for system identification

We implemented frequency response tests for the rotational
dynamics and the translational dynamics, respectively. In the
experimental helicopter, the frequency ranges were determined
as 1.0 - 25 rad/s for the rotational dynamics identification and
0.7 - 5.0 rad/s for the translational dynamics identification.

Frequency-sweep input denoted by Tischler and Remble
was given to the reference values in Equations (2) [18]. The
frequency-sweep signal based on the exponential function is
given by:

@, =Asiny
Trec
1//=_L wdt

O = Oy + K (a)max - a)min)
K =0.0187{exp(4t/T )1}

(10)

where T, is the duration for the Fourier analysis and A is the
amplitude of the reference values. We can set the frequency
range by amax and an,in. Before starting progression in terms of
win Equation (10), the constant frequency @, is added for two
cycle periods to ensure a good steady state condition. Figure 6
shows the frequency-sweep input for the rotational dynamics
whose amplitude was set to 5.0 degrees in the test. In the

translational dynamics identification, the references ¢, and ¢7y

are given by the same function in Equation (10) and the
amplitude A was set to 5.0 m.

We implemented frequency response tests for the rotational
dynamics in terms of roll and pitch, respectively. We set T, =
51.2 sec and the position control were superposed in the test.
Frequency response diagrams derived from the results are
plotted in Figure 7. The validation of a frequency response test
can generally be verified by the coherence function. The value
is calculated from the power spectrums and the cross spectrum
between input and output as follows:

|Gua> |2
Guu 'Gw

A value of 0.6 for the coherence function is usually used as a
limit [17]. Coherence in the results indicates that most of
frequencies in the setting frequency range were satisfied with
the metric. By using a nonlinear least-squares fitting in
frequency domain, a couple of transfer function were calculated
as follows:

g_ 1.36e70.080& g_ 0.9148—0.1045 (12)
U~ s’ +5.455° +46155" U, s°®+2.78s% +362s

Coh= (11)

The red lines in Figure 7 demonstrate the frequency
response of the transfer functions in Equation (12) and they are
in good agreement with the experimental results. The system
parameters identified from the experimental results are
summarized in Table 1.
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Figure 7 Frequency response diagram for the rotational dynamics

Table 1 System parameters for rotational dynamics

7| 7ip Tal To Ga/ Go al B
Roll / Lateral 0.0808 0.184 461 5.39x10°
Pitch / Longitudinal | 0.1043 0.357 362 9.00x10°

The results of the frequency response test for the
translational dynamics are shown in Figure 8. We set T =
102.4 sec in the test. In the frequency range whose coherence is
more than 0.6, fitted transfer functions were obtained as
follows:

X, 146e°%* V,  102e°%"

i e (13)
D, S D, S
The results of the frequency response test for the

translational dynamics are shown in Figure 8. We set T, =
102.4 sec in the test.
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Table 2 System parameters for translational dynamics

T 7al 1
Lateral 0.662 14.6
Longitudinal 0.927 10.2

In the frequency range whose coherence is more than 0.6,
fitted transfer functions were obtained as follows:
X, 14.6e%%% V, 10.2e7%%"

o ¢ o &

where V, and V, mean Laplace transform of velocity of the
translational dynamics. We intentionally neglect the damping
of the translational dynamics because we cannot accurately
identify c, and c, with the instruments. Red lines in Figure 8
describe the frequency response of the fitted transfer function.
The system parameters for the translational dynamics identified

(13)

r
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from the experimental results are summarized in Table 2.
Fundamentally, the lag time of position sensing z, varies with
GPS condition. Therefore we regarded z, as 0.80 sec in the

controller design.

Since the system parameters of the rotational dynamics and
the translational dynamics were obtained, we can design the
delayed feedback parameters.

V. DESIGN OF DELAYED FEEDBACK CONTROLLER

A. Planar Model for Controller Design
We built a simple planar model shown in Figure 9 to design
the delayed feedback controller. We divided the dynamics of
the helicopter with slung load system into roll/lateral dynamics
and pitch/longitudinal dynamics and designed the controller.
The model is composed of a rigid body (Helicopter) and a point
mass (Load) connected by a cable; M and m are the weights of
the rigid body and the mass, J is the moment of inertia of the
rigid body, | is the cable length, and L is the distance between
the center of gravity of the rigid body and the pivot of the cable.
We assume that the rigid body can slide on the rail in the
horizontal direction and rotate around the center of gravity.
The equation of motion of the roll/lateral dynamics in the
model is given by
(M +m)X+mLg —mld =My, tang,
—mLx+@, +mL%)¢ +mLId+mgLg =J,G.a
—mlxX +mLl ¢ +ml?, +mglé, =0.
Table 3 shows the system parameters. From Equations (2), (4),
(7) and (14), the corresponding Laplace domain representation
leads to the following characteristic equation:
qul quZ quB
G2 O Ors=0

O3 O3 Oss
where

Oy =(M +m)s?®

(14)

(15)

Q.= —mLs?-M Yy

3 = —MIS®

O, =—(T,s+1)mLs 24 rGaakpr (K 4S+K px)e*(rwrg)s

G, = (T.s+D){@, +mL?*)s* + mgL}
+J,GAT.s+a(kys+k,)e ™}

G5 = (T,s+DmLIs* -J,G,ak,, G, & " 7o)

a1 =—MIS?

Q5 =MLIs?

G55 = MI*s® +mgl.

The other characteristic equation of the pitch/longitudinal
dynamics can be represented by the same form.
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Figure 9 Simple model for the delayed feedback controller design

Table 3 System parameters for controller design

M m J Jp L [
[ka] [ka] [kgm’ | [kgm?] [m] [m]
6.06 073 0.050 0.100 0.20 3.0

Since there are an infinite number of poles in the
characteristic equation due to the exponential function, it is
hard to calculate all poles. As a measure to this problem, we
introduced a 3rd order Padé approximation as follows:

1-twse L -t (o
s_ 210 120
e’ = . (16)
11, 5, 1. .
1+ 25+ —(15)° + —(15)
27710 120

As a result, there are 16 poles in the characteristic equation.

B. Controller design based on root locus

We designed the delayed feedback control parameters
theoretically based on root locus [19],[20]. As an example of
the design strategy, we denote the process for controller design
of the roll/lateral dynamics.

Figure 10 shows the root loci of Equation (15) with 7, = 0.6
sec. Since the poles are conjugate pairs, the root loci are plotted
only in the upper half complex plane. The characteristic
equation has 16 poles, however, significant poles for the
controller design are two couples of complex conjugate; one
means vibration of the slung load and the other means
translational dynamics of the helicopter. Figure 10 indicates
that increasing G4 improves convergence properties of slung
load vibration, but it destabilizes the translational dynamics.
The characteristic agrees well with the experimental result. Past
studies indicated that a helicopter with slung load system has a
trade-off between piloted handling qualities and load damping.
We defined the optimum parameter as Gy = 0.027 to make the
best trade-off and the poles are plotted by circles in Figure 10.



The parameter is in rough agreement with the optimal
parameters (Gy, = 0.022, 7, =0.6) determined by trial and error
in the experiments.

o Optimum poles

A

Im

Slung load's dynamics

Translational dynamics

0.2 Re

Figure 10 Root locus of the roll/lateral dynamics with 7 = 0.6 sec

VI.

This paper has dealt with the practical vibration control
method for a system of a small-size helicopter with a slung load
and the controller design strategy. As the first step in this study,
we developed the vibration control method for a helicopter with
a slung load system and verified the performance of the present
control method by flight tests. The present method enables us to
suppress the vibration of the slung load just by measuring the
angle of the slung load.

We tried to theoretically design the delayed feedback
controller as the second step. We identified the rotational and
the translational dynamics by frequency response tests and the
delayed feedback controller was designed by root locus of the
simple specialized model. The optimum delayed feedback
parameters derived theoretically are nearly identical to the
parameter determined by trial-and-error in the experiment.

This study is an important contribution for transport by using
small-size helicopters because the method enables us to
suppress vibration of a slung load by mounting just a simple
angle measuring device, and we clarified a way to design the
delayed feedback controller in the system.

CONCLUSION
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