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Abstract— This paper presents an optimal control synthesis for an
unmanned underwater vehicle using a Multiobjectives Differential
Evolution (MODE)-based LQR approach. Although the LQR control
is a well-known optimal control method, the optimality of the resulting
compensator is a subject of appropriate design parameters’ (Q and R)
selection. Considering the complex dynamics nature of an unmanned
underwater vehicle, and the need to achieve optimal compromise
between several control performance objectives such as time response,
control energy minimization and robustness, the conventional LQR
design approach is not only potentially challenging, it is time
consuming and limits the achievable performance. In this paper, the
control problem is formulated as a Multiobjectives optimization
problem to search for Pareto-based optimal (sub-optimal) design
parameters using a MODE-algorithm. The performance evaluation of
the resulting compensator in simulation shows an effective
compromise between the conflicting performance objectives, while
the design approach is observed to be effective in rapid prototyping
and deployment of such vehicle.
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I. INTRODUCTION

THE interest in an unmanned underwater vehicle (UUV) is
attributed to its current and numerous potential applications in
marine-based activities such as underwater installation
inspection and repairs work by offshore company,
oceanographic data collection, observation of sea floor or sea
bed, examination of water composition, underwater military
surveillance and rescue etc. [1]. Apart from states estimation
and mission plan algorithm, deployment of such vehicle either
as a remotely operated vehicle (robot) (ROV) or as fully
autonomous underwater vehicle (AUV) required an effective
guidance and control system (GCS). Several control techniques
have been reported in the literatures for GCS development
[[2]-[41]. By neglecting coupling among the system states,
classical SISO-based approach such as PID and Fuzzy-PID
have been applied as reported in [[5]-[7]]. Apart from lack of
robustness problem, the limitation of these SISO-based
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approaches lies in their inability to handle effect of coupling
among the states, hence limit the operational range of
application. To achieve better robustness and handling
coupling in the system dynamics, MIMO-based techniques
such as LQR/LQG [[8]-[9]], H« robust control, [[10]-[11]] and
intelligent control approach using neural network [[12]-[14]]
have been reported. Considering the LQR optimal control
approach, it is a bridging technique and a mid-way choice
between the classical SISO based control and the modern
MIMO-based control techniques from the point of view of
simplicity of design, implementation versus performance
objectives. The literatures revealed that LQR provides better
performance over classical control scheme such as PID though
with higher design and implementation complexity. On the
other hand, it represents the simplest model-based MIMO
controller in terms of design and implementation when
compared to others such as H-infinity, p-synthesis and
nonlinear controllers [[15]-[16]]. However, LQR control is a
well-known optimal control method, the optimality of the
resulting compensator is a subject of appropriate design
parameters’ (Q and R) selection [17]. However, one of the
common challenges associated with LQR and generally with
the majority of the modern control techniques is their
dependency on selection of appropriate design parameters.
Although there exists a general guideline on the choices of the
form of Q and R with respect to the quadratic cost function to be
minimized in the design procedure, there is no particular
information on the selection of the parameters of both matrices.
The selection is usually based on technical guess followed by
several iterative tunings which are mostly based on trial and
error for a given problem, [18]. Considering the complexity and
dimension of the underwater vehicle, this conventional trial and
error design approach would be time consuming in
proportionate with experience of the designer, and often limits
the achievable control performance objectives which are usual
conflicting. In order to overcome this, the control problem is
formulated as a Multiobjectives optimization task, and a
proposed Multiobjectives differential Evolution algorithm
proposed in [19] is applied to achieve an optimal/sub-optimal
compromise between the performance objectives.

The rest of the paper is organized as follows. Next section
presents the system description and mathematical modeling.
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The theory of LQR control method, proposed optimized design
approach and application to UUV control are given in Section
Error! Reference source not found.. Results, discussion and
analysis are given in Section Error! Reference source not
found., while the paper is concluded in Section V.

Il. SYSTEM DESCRIPTION AND MODELLING

A biological-inspired squid-like AUV structure developed at
ITB [20] is adopted as test bed in this study. Figure 1 shows the
AUV system with both fixed earth inertial coordinate frame,
{E} and the moving body coordinate frame, {B} describing the
system’s coordinate of motion. Based on the kinematics of the
system motion, the moving frame, {B} located at the center of
gravity of the system, is described by six velocity components,
[u@®), v(®),w®),p(), q(t), r(t)] while the frame,{E} consists of
six position components, [x(t), y(t), z(t), (&), 0(t), ¥ (t)]. The
descriptions of these components of motion in both reference
frames are given in Table 1.

Figure 1 A squid-like Autonomous Underwater (AUV) [20]

Table 1 Components of the system motion in
inertial body and earth fixed reference frames

Components in Body Frame, | Components in Earth reference

{B}

frame, {E}

U translational velocity in x-axis

X@ translation position in x-axis

vy translational velocity in y-axis

Y translation position in y-axis

w(y translational (heave) velocity
in z-axis

Z translation position in z-axis

p angular velocity in x-axis

¢ angular rotation in x-axis

g angular velocity in y-axis

Ay angular rotation in y-axis

ro angular (yaw rate) in z-axis

w angular rotation in z-axis

The two frames are
transformation expression:

related through the following

P 1 0 —sinf d)
I'=|q|=[0 cos¢ singpcos||d (1)
r 0 —sing cos¢pcosf||t)

Apart from the kinematic equation in (1), the rigid body
equation of motion of the UUV is obtained by contribution of

forces and moments due to:

(i) inertial, (ii) gravity and

buoyancy, (iii) added mass, (iv) propulsion, (v) steady-states,

and (vi) control.

The detailed derivation of the system governing equations is
reported in [20], while the brief summary is given here for the
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longitudinal dynamics considered in the control application.

A. Contributing Forces and Moments
In general, the total forces and moments acting on the UUV can
be written as:

F=F  +F +F +F +F

addedmass prop cont (2)

M=M, ,+M, +M +M +M

added mass s prop cont

The inertial forces and moments are derived from the
Euler-Newton equation:

d
3
F= dt(mu) ®)

Assuming constant mass, and evaluate the forces with respect
to the body frame which moves with respect to the inertial
frame, the expression (2) becomes:

F=m[(%jm+r+uo+%ﬂe+FX(FXFG)] 4)

where is U is the velocity vector, r, is the position vector of

vehicle center of gravity with respect to the body axis. The
forces equation in (4) can be decomposed into three scalar
components:

X:m[u—ﬁ-wq—vr—xG ¢+ +y, pa—T +2, pr+q‘]
Y:m[f”””*“’p*yc Ptz ar—p ta, qp”] (%)

Z = m[u'}«kvpfuquc P’ + ¢ +z, p—¢ +y, P+P ]
Similarly, the moment’s equations are given as:
*pf v 42 dm — quydm—zf:rzdm
M fprydm+qu +a’ dmfrfyzdm (6)

MZ:—pfxzdm—quzdm—&-rfx +9* dm
v v

v

The forces and moments due to gravity and buoyancy
represents hydrostatic forces and moments acting on the
vehicle. Expressed in the body frame, they are given as:

F, ;=9 m—pV —sinfi+ sin¢cosdj+ cos¢pcos Ok (7

M

en=9 —pVy, cospcosd — mz, —pVz, singcost i

cospcosf j (8)

my,

— mz, —pVz, sinf + mz, — pVz,

— mzx, — pVaz, singcosd + my, —pVy, sind k

The added mass forces and moments are due to
hydrodynamic force due to acceleration of the wvehicle.
Generally the added mass is given in terms of tensor with
elements Ajj, representing the magnitude of the added mass in
the i-direction due the acceleration in the j-direction. The value
of i,j from 1 to 3 represents the masses associated with surge,
sway and heave motion, while those from 4 to 6 represents the
moment of inertias associated with roll, pitch and yaw motion.



In terms of the equivalent derivative coefficients, the forces and
moments are given as:

X, 00 0 0 0
0Y 0 0 0 N,

Added mass=— 0 0z 0 M 0 9)
000K, 0 0
002z 0 M 0
0Y 0 0 0 N,

The steady state forces and moments are the result of the
viscous fluid effect and are usually calculated based on
semi-empirical (empirical) formula or model testing. Using
multivariate Taylor series expansion around the equilibrium
point, the forces and moments are assumed to be function of
velocity as follows:

Xs U{)+1I/*,U7w7p7q77’ :Xu+ U()i+1/‘i+w(i+
P ™ , :

1o} ow
0 0
2L Zx
pf)p +qc‘?q r(‘)r °
i o o ) (10)
+a E-}-U%-ﬁ-wﬁ‘f‘
2
0 0
L Ly Zx
Pop Tl TTar |
T
where X, = X,(U,,0,0,0,0,0), and
Js ’ a2 2 2
ui+vg+wi+... =u2i+1]2 9 +w2%+... (11)

ou v dw

o’ ov’ ow

The propulsion forces and moments: are due to the UUV
propeller-based thrusters. In the Squid-like vehicle, the thrust
(T), is function of velocity (U, ), the number of blade (n), fluid

density (p), and propeller diameter (D):

T =p n*D't, +aD*rU, + D*r,U% + 22U} (12)

n A

and the propulsion forces and moments can be calculated as:
Xp :Z 1—t T cos g
X, :Z 1—1t T sin g

M =Xz

P PP

(13)

where Ua=u — uw.

The control forces and moments the UUV Squid is control by
three differential thrust, [Tl,TZ,TS] , from three different
thrusters. Table 2 gives the description of the thruster control
for the longitudinal mode. Thruster 2 and 3 can be used
simultaneously for the longitudinal mode maneuver, while for
the pitch-up or pitch-down maneuver, all three thrusters can

also be used simultaneously.

Table 2 Thruster Control for the Longitudinal Mode
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Pitch up Increase of thrust, +6T, 3

T Ts Pitch down

Reduction of thrust, —67T, 5

Thruster Maneuver Control Input
T Pitch up reduction of thrust, —6T;
1 Pitch down Increase of thrust, +8T;

Each thrust can be expressed as:

T =T, +0T, (14)
In this case, the propulsion force can be expressed as:
X =X =N"1-t T +6T
XX, =T At T e -
=31t T, +» 1—t 6T
Therefore, the control force and moment are written as:
X =N"1-t 6T
c Z i3 k3 (16)
= 1-t 6T + 1—t 8T, + 1—t 6T,
M =>"1—t 6Tz , i=12,3
EDMETRLY 2 )

= 1—t 6lem+ 1—t¢ 6Tzzp,+ 1—t¢ (ST;;ZK

B. Linearized model for the longitudinal dynamics

Combining the above expression for forces and moments, the
linearized model of the longitudinal dynamics of the system
around operating point of speed, U, = 1.5m/s and depth
variation, D = 50 m is given as:
T=AZ+BS (18)
where the state vector, X = {u,v,w,8}, and the control vector,

5 ={6T,,6T,,6T,}. For the above operating points, the system
dynamic matrices A and B are given as [2]:

—0.6122 0 0 0.2935
—0.0019 -0.5633 0.1113 0.0066
A= (19)
0.0570 2.4393 —0.4531 —-0.2014
0 0 1 0

1.669225E — 03  1.669225E — 03  1.669225E — 03

B 8.90925F — 06 —1.92728E — 06 —1.92728F — 06 (20)
T |-2.73863E — 04  5.9243E — 05 5.9243EF — 05
0 0 0

This dynamic model is used in the next section for the
synthesis of the optimal control proposed in this study, which
invariably can be extended to the full system model.

I11. OPTIMIZED LQR CONTROL FORMULATION AND
APPLICATION

Given a linear time invariant (LTI) state-space model of the
system as described in Section 11, equation (20), the goal of the
LQR full-state feedback control approach is to compute the
feedback gains K;,that minimizes the quadratic cost function,
J, given as:

J= ](irQﬁ + 67 R6) (21)

0

The control law to achieve (21) satisfies the Algebraic
Riccati Equation (ARE) and is given as:




6=-K,x (22)

where K;q = R™IBTP, the matrices Q and R are symmetric
positive semi definite and positive definite weighting matrices,
respectively.

Matrices Q and R are the main design parameters to be
selected by the designer to satisfy the desired control
objectives. In general as indicated in Equation (21), the
matrices affect the achievable performance in the following
ways [[17]-[18]].

i. Q and R regulates both the states, x, and control input, &
respectively to be as small as possible. Larger values of R
penalize uby making it smaller compare to x, while lager
values of Q penalize x by making its smaller compare to 6. A
trade-off is often required between the achievable
minimization of states against the desired minimization of
the control input.

ii. Q and R matrices also affect the position of the close-loop
poles, hence, selection of Q and R affects indirectly the
achievable time-domain responses/performances of the
resulting close-loop system.

Therefore, the choice of Q and R greatly influence the
success of the LQR controller synthesis. More so, with the
availability of many of software to solve the required Riccati
optimal equations involved in the computation of the LQR
gains, the major design effort in the controller synthesis has
been on the tuning of the weighting matrices for a given system.

A. Optimization problem formulation
The optimization problem is to determine the set of decision

vectors, @, which in this context is the weighting matrices Q
and R’s parameters:

=[P

1¢ ﬁ,+m]
that minimizes the cost function:
J = f Q% + 6"RS dt

0
and set of performance objectives of size (2:

f b i=12..,02
min (23)
subjectto @ > 0and R > 0, with0 <&, < H,

where H; is the upper bound on the decision parameter ;.

As stated in (23), the problem is casted as non-constraint
optimization problem, meanwhile, depends on design goal and
application requirements, it is possible to introduce additional
constraints such as frequency response parameters or actuator
limitation. Figure 2 shows the proposed design method.

Experience reveals that for a given system, several iterations
are required to obtain satisfactory performances depending on
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the dimension and complexity of the problem under
consideration. In order to address this problem, a
Multi-objectives differential evolution algorithm (MODE)
proposed in [19] is adopted to achieve an optimized-LQR
design approach. Detailed presentation of the MODE algorithm
and its application to control synthesis can be obtained
in [19]-[20],[22].

As shown in the Figure 1, the performance objective function
is given by the response of the full-state feedback system
formed for a given decision parameter set. In this study, five
control Objective functions are defined for the pitch angle
tracking control as follows:

e g 5

’ max s ? max 7 max

(@)=, 08" (24)
where ts(g) and 0s® are the settling time and percentage
overshoot of the pitch angle 6, respectively. p..t™*? is the
maximum off-axis (other states {u,v,w} ) settling time,
B D s the maximum peak of the off-axis response, and
max0 1S the maximum control signal expended.

B. Application to the UUV system

For a tracking and regulation control problem as shown in
the Figure 2, the system states are first augmented with two
extra integral states wvector to improve the tracking
performance. The new state vector ¥; is given as:

T o=|u ¢ w, 0, L(/:HdT (25)
The augmented state space model is then expressed as:
T, =Ai +B§ (26)
and the control law becomes:
6, =—KfT, (27)
A; and B; are:
4= Osa b (28)
o, 1] o [T oy

Hence, @ € ®™>™, R € ®™*™ and the decision vector ¢ € R+,

MODE-LQR
ALGORITH

— 7{ S X
- PLANT =
a

[

Figure 2 Block diagram of the proposed MODE-Based LQR
Control Synthesis

[u,q,u-']

As indicated in Figure 2, the design procedure involves
placing the MODE in the LQR conventional design loop for



optimal tuning of the Q and R matrices, and can be summarized

Step 1: specify the optimization parameters: population size,
NP, decision vector size, Z, DE cross-over constant, CR and
generation size, GEN.

Step 2: specify the dimension of the Q and R matrices and
initialize population P of size NP for the Q and R matrices’
parameters.

Step 3: test for the positive definiteness of the initialized
matrices, and removed any unfit parameters set(s), repeat step 2
to complete the size of population.

Step 4: Compute the objective function and extract the
objectives vector II for the population.

Step 5: Start the optimization process: while the stopping
criteria is untrue, e.g. while k < GEN, repeat steps 6 to 9; else
go to step 10.

Step 6: generate new child vector from randomly selected three
vectors from the old population using the DE operation of
mutation and cross over-processes. Test the positive
definiteness of the child vector and compute its objective
function.

Step 7: compete the child vector with parent vector for Pareto
dominance. That is, determined if the child vector dominates
the parent vector. If no, repeat step 6 to 7, else proceed to step 8

Step 8: update the new population with the dominant child
vector

Step 9: compute the stopping criteria and update the generation
count: k =k + 1.

Step 10: stop the optimization and report the Pareto-dominance
candidates.

Five non-dominated controller candidates are selected out of
the final non-dominated candidates based on Pareto-concept.
Table 3 and Table 4 show the selected controller candidates and
their corresponding performance objectives, respectively. The
comparative response of the five controllers (K1, K2, K3, K4,
and K5) is shown in Figure 3.

As shown in the Table 4, all the five candidates are potential
sub-optimal controller for the system. The final choice is left to
practical judgment of the designer which may be based on
overall priority on the control objective. A decision matrix is
proposed in [20] to guide in the final choice among the
Pareto-solutions candidates. In this study, candidate K5 is
selected for further performance analysis as described in the
next section.

Table 3 Decision parameters of five selected controller candidates
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step-wise as follows:

@, @, @, o, @, @, @, @,
46302 2781 48855
1.539 32508 0.514
07864 29730 87318
08 854 3.143 43538

23.107 0.000 3783 23.206 0.000
62.443 141.286 25424 3.636 3749
86.111 0.460 0.000 0.001 1341

93.363 0771 0.000 0.001 §4.823
73.600

! 85.796 43.178 94.167 97.737 3.063 2.909 2.86_?_
Table 4 Performance objectives of the five controller candidates
1‘;5&} 08 ) . r;u,w,g.-_'l . ﬁ"_l.',h‘,g_‘u . 5
57.3996 0.1194 36.0273 00370 36.7466
737862 0.1400 28.7769 005035 02982
338344 0.0872 45.0208 00497 36.3085
34.0275 0.0791 35.2111 00510 53.8451
739704 0.1399 IR0 005095 02682
0.2

0.15

~ 0.1

°

Z

~ 0.05r

(5]

=)

& or

<

2

'2.-0.05+
0.1+
015 20 40 60 80 100

time (seconds)

Figure 3 Responses of the five Pareto-controllers to 0.2 rad
regulator input

IV. RESULTS AND DISCUSSION

A MATLAB-Simulink model of the UUV is developed for
performance analysis of the optimized-LQR controller as
shown in Figure 4. Firstly, the tracking performance of the
compensator with 0.2 rad, 2 kHz square pitch angle command
with the nominal plant model is examined. Figure 5 shows the
response of the pitch angle, forward velocity, pitch rate and
vertical velocity, respectively.

Secondly, the performance of the compensator in the face of
both disturbance (in forward velocity) input (ocean wave) and
sensor noise is evaluated. The disturbance V,, is generated
based on the following expression, [23]:

V, =1, .(10")+asin(w,t) (29)

w wil

where T,,;,q(u, 02) 1S stochastic process representing the wind
turbulence defined by white noise with mean, u =0 and
variance, o2 = 0.7, while the sinusoidal term represent the wind



gust with amplitude a = 3.3 ft/s and frequency w,, = 0.628 rad/s.
The sensor noise on the other hand is simulated with Gaussian
random signal with variance of 0.7. The disturbance input and
the sensor noise generated are shown in Figure 6. Figure 7

Unmanned Underwater Vehcile UUV
Optimized LQR Simulation

= ref_input

reference input
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shows comparatively the pitch angle, pitch rate, forward
velocity and vertical velocity responses with and without the
noise and disturbance input.

I wind_in

wind_data

oooo I J»| pitch_angle
1) o
F s To Werspace
Input command Integrator
source
o o states
To Workspace
Under Water Vehicle
Klgr Model
K"LI#
SENSCT Noise
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|—+= . .mn =3
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noisy_thetha | SENsof_noise
Figure 4 MATLAB-Simulink model for the controller performance evaluation
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Figure 5 Responses to 0.2 rad square pitch command with nominal plant
(a) pitch angle, (b) forward velocity (c) pitch rate (d) vertical velocity

As indicated in Figure 5(a), the pitch angle command is
effectively tracked with system settling time less than 450

seconds, approximately zero tracking error and minimal
cross-coupling effect on off-axes responses. The robustness of



the compensator to sensor noise and disturbance input is
obvious in the Figure 7. Compare to the magnitude of the
disturbances as shown in the Figure 6, both the transient and
steady state responses are not significantly affected. A steady
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state error of 0.0275 in the pitch angle is recorded compare to
the response with the nominal system, while the settling
remains approximately the same.

Sensor noise
o

'
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time (seconds)

r

105 20 40

disturbance input

60 80 100
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Figure 6 Sample sensor noise and input disturbance (0 to 100 s)
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Figure 7 Responses to 0.2 rad step pitch command with and without disturbance and sensor noise: (a) pitch angle, (b) pitch rate, (c)
forward velocity, and (d) vertical velocity.

V. CONCLUSIONS

The synthesis of an optimal LQR controller for a UUV
system has been presented in this paper. The proposed design
method utilizing a Pareto-based Multi-objectives differential
evolution provides an automated and time saving design
approach for such a complex dynamic system compare to the
conventional method. The design method yields set of
sub-optimal controller candidates, thereby provides insight into
the performance interaction, and options to choose based on
actual design goal. The analysis of the optimized LQR shows
its effectiveness in both tracking and robust performances in the
present of both sensor noise and disturbance input. Although,
the problem in this study is formulated as a non-constraint
optimization problem, the design algorithm is capable of
accommodating additional constraints such as stability margin
for a specific design scenario. This proposed automated
controller synthesis is expected to facilitate the rapid
prototyping and development of guidance and control
algorithm for the unmanned underwater vehicle applications.
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